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1.1 Sequence

A function N — S where S is any nonempty set is called a Sequence
i.e, for each ne N, 3 aunique element f(n) € S. The sequence is written as (1), /(2),

f(3), .....AAN)...., and is denoted by {/(n)}, or <f(n)>, or (f(n)). If An) =a, , the sequenceis
written as a,,a,.....a, and denoted by , {a,}or <a,>or(a,). Here f{(n) or a, are the

n™ terms of the Sequence.

Ex.1. 1,4,9,16,.... n® ,...(or) <n®>

Ex. 2.

Ex. 3. 1,1,1...1..0r<1>
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Note : 1. If S < Rthenthesequenceiscalled areal sequence.
2. Therange of a sequenceis almost a countable set.

1.1.1 Kinds of Sequences

1. Finite Sequence: A sequence <a, > inwhich a, =0Vn>me N issaid to
be afinite Sequence. i.e., A finite Sequence has a finite number of terms.

2. Infinite Sequence: A segquence, which is not finite, is an infinite sequence.

1.1.2 Bounds of a Sequence and Bounded Sequence
1 If 3 anumber ‘M’ 54, < M, Vne N, the Sequence <a, > is said to be
bounded above or bounded on the right.

Ex. 1,%,:—];, N herea, <1VneN

2. 1f 3 anumber ‘m >a, >m,VneN, the sequence <a, > is said to be

bounded below or bounded on the | ft.
Ex. 1,2,3,..heea, 21VneN

3. A sequence which is bounded above and below is said to be bounded.

Ex. Leta,=(-1) (1+1j
n

n 1 2 3 4 | .
a 2 | 32 | 43| 54| ..

n




4 Engineering Mathematics - |

2 4

From the above figure (see dso table) it canbeseenthat m=—2and M = g .
.. The sequence is bounded.

1.1.3 Limits of a Sequence

A Sequence <a, > is said to tend to limit ‘/° when, given any + ve number '€,
however small, we can always find an integer ‘m’ such that |a, — /| <€,Vn>m, and we
write Lt a, =1 or {a, —>1)

2
Ex. If a, :n2_+1 then <a, >—>1.
2n°+3 2

1.1.4 Convergent, Divergent and Oscillatory Sequences

1. Convergent Sequence: A sequence which tends to a finite limit, say ‘/’ is
caled a Convergent Sequence. We say that the sequence convergesto ‘7’

2. Divergent Sequence: A sequence which tends to too is said to be Divergent
(or is said to diverge).

3. Oscillatory Sequence: A sequence which neither converges nor diverges ,is
called an Oscillatory Sequence.

Ex. 1. Consider the sequence 2, gg - here a =1+l

Ml

The sequence < a, > is convergent and hasthe limit 1
a, —1=1+1—1:1 and E<e whenever n>1
n n n S

Suppose we choose e=.001, we have 1 <.001 when n > 1000.
n

Ex.2. If a, =3+(—1)"|—1I<an > convergesto 3.
n
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Ex.3. If a,=n"+(-1)"n,<a, > diverges.
Ex.4. If q, =1+2(—1)" ,<a, > oscillates between -2 and 2.
n
1.2 Infinite Series
If <u, > isasequence, then the expression u, +u, +u, +........ +u,+..... is caled an

infinite series. It is denoted by %un or smply Xu,
The sum of the first »n terms of the seriesis denoted by s,

i€, S, =u+uy+uyt...tU,;s,5,,5;,...5, aecaled partial sums.

1.2.1 Convergent, Divergent and Oscillatory Series

Let 2u, beaninfinite series. As n — oo, there are three possibilities.

(@) Convergent series. As n—o,s5, — a finite limit, say ‘s in which case the

seriesis said to be convergent and ‘s’ iscalled its sum to infinity.

Thus Lt s, =s (or) simply Lts, =s

n—>0

smply Zu, =s.

(b) Divergent series: If s, - or —oo, the series said to be divergent.
(c) Oscillatory Series: If s, doesnot tend to a unique limit either finite or infinite it

issaid to be an Oscillatory Series.

Note: Divergent or Oscillatory series are sometimes called non convergent series.

1.2.2 Geometric Series

The series, 1+ x+x% +...x" +... is

(i) Convergentwhen |x|<1, anditssumis %
—X

(i) Divergentwhen x>1.

(iii) Oscillatesfinitely when x = -1 and oscillates infinitely when x < -1.

Proof: The given seriesis a geometric series with common ratio ‘x’
1-x"

To1-x

s when x =1 [By actual division — verify]
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(i) When |x|<1:
1 x" 1 . ,
Lts = Lt|—— |- Lt == [sincex” —0asn— ]
n—»o n—o\ 1—x n—o| 1—x 1-x
1

.. The series convergesto

—X
(i) When x>1:5 =%

and s, > asn—o
x_

.. The seriesis divergent.

(iii) Whenx =-1: whenniseven, s, >0 andwhennisodd, s, >1
*. The series oscillates finitely.

(iv) When x<-1,s, - o or —oo according as» isodd or even.
. The series oscillates infinitely.

1.2.3 Some Elementary Properties of Infinite Series

1. The convergence or divergence of an infinites series is unaltered by an addition or
deletion of afinite number of terms fromit.

2. If some or all the terms of a convergent series of positive terms change their signs,
the serieswill still be convergent.

3. Let Xu, convergeto‘s
Let 'k’ be anon —zero fixed number. Then Zku, convergesto ks.
Also, if Xu, divergesor oscillates, so does Zku,

4. Let Xu, convergeto‘/ andXv, convergeto ‘m’. Then

(i) Z(u, +v,) convergesto (/+m ) and (i) X(u,+v,) convergesto (/—m)

1.2.4 Series of Positive Terms
Consider the series in which all terms beginning from a particular term are +ve.
Let the first term from which all terms are +ve be v, .
Let Zu, be such a convergent series of +ve terms. Then, we observe that the
convergence is unaltered by any rearrangement of the terms of the series.
1.2.5 Theorem

If Xu, isconvergent, then Lt u, =0.

n—0

Proof : s, =u, +u, +.....+u
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Suppose Xu, =/ then Lts, =/ and Lts,  =I

n—x0 n—>0

Ltu,= Lt (s,—s,,) ; Lts —Lts_=I-1=0

n—>0 n—>0 n—>%0 n—>0

Note: The converse of the above theorem need not be always true. This can be
observed from the following examples.

(i) Consider the series, 1+£+l+ ....... +1+.... ; unzi,Lt u,=0
2 3 n n o

. . 1.
But from p-seriestest (1.3.1) itisclear that X~ — isdivergent.
n

(ii) COns'dertheseries,liz+2—12+§+ ..... +n—12+ ......

n n2 ’n

Note: If Lt u, #0 the seriesis divergent;

_2 71 here 1 u,=1 . Zu, isdivergent.

nooogn n—a

. 1
u =—1 Lt u, =0, by p seriestest, clearly X — converges,
—>0 n

EX. u

1.3 Tests for the Convergence of an Infinite Series

In order to study the nature of any given infinite series of +ve terms regarding
convergence or otherwise, afew tests are given below.

1.3.1 P-Series Test

Theinfinite saries, 3 = =~ 4+ 2,1
n=1p?f 17 2r 3

(i) Convergent when p > 1, and (ii) Divergent when p <1.  (INTU 2002, 2003)

Proof :
C i) Let >1; 3 >27: 1.1
ase (i) p>1 p>13"> ,:>3—p<§
1 1 1 1 2
— t—<—t—=—
20 3 2r 20 2

- 11 1 1 1 1 1 1 4
Similarly, —+—+—+—<—+—+—+—=—
47 5 A 47 4P 4P 4P 4°
1 1 1 8
—+—+.t <—, and soon.
8" 9 16" &

Adding we get
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Zi<1+£+i+£+....
n? L L =
1 1 1 1

l.e., Zn—p<1+ 2(p—l) + 22(p—1) + 23(1’_)

The RHS of the above inequality is an infinite geometric series with common

1 <1(sincep >1) The sum of this geometric seriesisfinite.

ratio
2rt

» 1
Hence ¥ —isalsofinite.
rtzln"7
.. The given seriesis convergent.

Case (ii) Let p=1, 2i=1+£+1+l+ ......

n” 2 3 4

We have, 1+1>l+1=l
3 4 4 4 2
1111 11111
S+t => =+ —+—t+=—=—
5 6 7 8 8 8 8 8 2
1 1 1 1 1 1
—t— . —>—+—+... —=—andsoon
9 10 16 16 16 16 2

The sum of RHS seriesis o

(sincesn =1+ n;]': n;rland Lt s, =ooj

n—»00

: .. z 1 :
.. The sum of the given seriesisalso «; .. > (p=1) diverges.
n=. n
Case(iii) Let p<l, S—ol+—sly
n” 2 ¥
Since p<],i>ii>i ...... and so on
20 23 3
Zi>1+—+1+l+ .......
n” 4

From the Case (ii), it follows that the series on the RHS of above inequality is
divergent.
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Zip isdivergent, when P<1
n

Note: This theorem is often helpful in discussing the nature of a given infinite series.

1.3.2 Comparison Tests

1. Let Xu, and Zv, betwo seriesof +vetermsand let Zv, be convergent.
Then Xu, converges,
@ If u<v,v neN

n

() or L<kvneN where k is>0andfinite
\%

n

© or %5 afinitelimit>0
\%

Proof : (a) Let Zv, =/ (finite)
Then, u, +uy + .o u, + .. <V + v, +v, +...51>0
Since [ isfiniteit followsthat Zu, isconvergent

(©) Y <k= u, <kv,,¥Yne N, since Zv, isconvergent and k (>0) is finite,
vVl
kv, isconvergent .. Xu, isconvergent.

(d Since Lt y isfinite, we can find a +ve constant k,> Y pvne N

nowey v
. from (2) , it followsthat Xu, isconvergent
2. Let Zu, and Zv, be two series of +ve terms and let Zv, be divergent. Then
Zu, diverges,
*1. Wfu,2v,,VneN

n

or *2. |If u—"Zk,VneN where kisfiniteand= 0
\%

n

or *3. If Lt L is finite and non-zero.

ey
Proof:
1. Let M be a +ve integer however large it may be. Science Zv, is divergent, a
number m can be found such that
VitV tenty, >M,Vn>m
U +uy +.tu, >M,Vn >m(un Zvﬂ)

Zu, isdivergent
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2. u >kv,Vn
Xy, isdivergent = Zkv, isdivergent
Zu, isdivergent
3. Since Lt ) is finite, a + ve constant £ can be found such that ﬁ>k,Vn
n—ow Vn \%
(probably except for afinite number of terms)
. From (2), it followsthat X, is divergent.

n

Note :
(@ In (1) and (2), it is sufficient that the conditions with * hold Vn>me N
Alternate form of comparison tests : The above two types of comparison tests
2.8.(1) and 2.8.(2) can be clubbed together and stated as follows :

: u ,
If Zu, and Xv, aretwo seriesof +vetermssuchthat Lt — =k wherekis

n—>0 vn
non- zero and finite, then Xu, and Xv, both converge or both diverge.

(b) 1. Theaboveform of comparison testsis mostly used in solving problems.
2. In order to apply the test in problems, we require a certain series Xv, whose
nature is already known i.e., we must know whether Zv is convergent are
divergent. For thisreason, we call £v, asan ‘auxiliary series'.

3. In problems, the geometric series (1.2.2.) and the p-series (1.3.1) can be
conveniently used as ‘auxiliary series'.

Solved Examples

EXAMPLE 1

Test the convergence of the following series:

(@) 3,4,5,8, . (b) 4,5,8. 7. (© E[(n‘%l)m—n}
1 8 27 o4 1 4 9 16 n=1

SOLUTION

(@ Step L To find "u," the n” term of the given series. The numerators 3, 4, 5,
6......of theterms, arein AP.
n" term 1, =3+ (n-1).1=n+2

_n+2

n 3
n

Denominatorsare 13,23,3%, 4°...n" teem=n®; .. u

Step 2: To choose the auxiliary series Zv,. In u,, the highest degree of » in the
numerator is 1 and that of denominator is 3.
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1 1
. wetake, v, =—3 =

n+2

Step 3: Lt Y gy nJ;2><n2 =Lt =Lt (1+Ej=l which is non- zero and
n

n—w n—o n n—®0 n n—0
n

finite.

Step 4: Conclusion: Lt 1

n—»o0 vn
. Zu, and Zv, both converge or diverge (by comparison test). But Zv, =Zi2 is
n
convergent by p-seriestest (p =2> 1); .. Zu, iSconvergent.
(b) ﬂ+ > +—= 6 +1+ .....
1 4 9 16
. n+3
Stepl: 4,56,7,...inAP, ¢, =4+(n-1)1l=n+3 .. u,=—
n
Step 2: Let Zv, :1 be the auxiliary series
n
u n+3 3 . ..
Step 3: Lt 2= Lt >— |xn= Lt | 1+— |=1, which isnon-zero and finite.
n—0 vn n—x0 n n—»o0 n

Step 4: .. By comparison test, both Xu, and Xv, converge are diverge together.

But Xv, = 21 isdivergent, by p-seriestest (p = 1); .". XZu, isdivergent.

O 3t ] <ofas 2 cmf 1)

1(1_j

1 4\4 1 1 3
=n|l+—+ —ton—ll=n————=+....
n 2! n® [4714 32n° }
_1_ 3, _i{l_i+ }

4* 320" T n®l4 32t T

Hereit will be convenient if we take v, =i3
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Lt e Lt 1— 1 R :1, which is non-zero and finite
ooy e\ 4 32n 4

.. By comparison test, Zu, and Xv, both converge or both diverge. But by p-

seriestest v, =n—13 isconvergent. (p =3>1); .. Zu, isconvergent.

EXAMPLE 2

If u =————= show that Zu, isdivergent

J2n®+3n+5

SOLUTION

Asn increases, u, approximatesto
J2n® 2%‘ n% 2%‘.14%2

3
If we take vnzi, Lt Y2 =2 \whichisfinite.
n%z naoovn 2%

[(or) Hint: Take v, 1 , where [, and [, areindices of ‘n’ of the largest terms

phte
, . : . 1 1
in denominator and nominator respectively of u,. Here v, = ——=—]
nd 3 g2
By comparison test, £v, and Xu, converge or diverge together. ButXv, =% is
A
. . . 1
divergent by p — seriestest (sincep :E<1)
. 2Zu, isdivergent.
EXAMPLE 3
. 1 /2 (3 |4
Test for the convergence of the series. =t ===t
2 V3 V4 \5
SOLUTION
1 1 o
Here, u, = T Take v, =—5=—5=1, L= 1y =1 (finite)
n+1 - n noe Yy n—»o
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Zv, isdivergent by p —seriestest. (p =0< 1)
.. By comparison test, Zu, is divergent, (Students are advised to follow the procedure
giveninex. 1.2.9(a) and (b) to find “ u, " of the given series.)

EXAMPLE 4

Show that 1+l+i+ ....... +—+..... is convergent.

1L |2

SOLUTION

w =t (neglecting 1% term)

n

n
123...n 1222..n-lYimes (2"
1

Xu, <1+1+i2+—3+ ......
2 2 2

which is an infinite geometric series with common ratio % <1

1 . .
ZF is convergent. (1.2.3(a)). Hence Zu, isconvergent.

EXAMPLE 5
Test for the convergence of the series, + 1 + 1 +onns
123 234 345
SOLUTION
3
et Take v,=— Lo " =1 (finite)
n(n+1)(n+2) n ooy, "*wn3(1+1j(1+2j
n n

.. By comparison test, Zu,, and Zv, converge or diverge together. But by p-series test,

1. .
v, = 2? isconvergent (p=3>1); .. Zu, isconvergent.

EXAMPLE 6

If u, =</n*+1-+/n* -1, show that Zu, isconvergent. [INTU, 2005]
SOLUTION




14 Engineering Mathematics - |

2 [1+i_i+i_ j_[l_i_i_i_ j
on*  8n® 16n? 2n*  8n® 1602

J1 1 1 1
=n ?4‘8’1—124‘.... 2? 1+8n—10+....

Take " =i2 , hence Lt —q

n
n n—x0 v
n

. . 1 .
". By comparison test, u, and Xv, converge or diverge together. But Xv, =— is
n

convergent by p —seriestest (p =2>1) .. Zu, iSconvergent.

EXAMPLE 7
. 1 1 1

Test the series + + + e for convergence.

1+x 2+x 3+x
SOLUTION

1 1
u,= ; take v, =—, then u__n 1
n+x n v, ntx q. X

n

Lt 1 =J;2vn=2l isdivergent by p-seriestest (p =1)
n

n—»w X
1+—
n

.. By comparison test, Xu, isdivergent.

EXAMPLE 8

Show that glsin(lj is divergent.
n= n

SOLUTION

unzsin(lj; take vnz1

n n

u n(nj sint
no_ — — p—
Lt "= Lt =Lt t (Wheret_}/) =1

n—> ) n—»w 1 t—0
n J—
n

: 1.
. Zu ,Xv, both converge or diverge. But 2v, =X — isdivergent
] "

(p -seriestest, p=1); .. Xu, isdivergent.
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EXAMPLE 9
. . 1
Test the series Tsin™ (—j for convergence.
n
SOLUTION
.41 1
u, =sin"=; Take v, ==
n n

_]{1]
Lt e _ Lt AL = Lt (ij zl(TakingSinll: 9]
nooy o (1) -0\ sing n

n

But Zv, isdivergent. Hence Zu, is divergent.

EXAMPLE 10
. 1 22 3 .
Show that the series 1+ — +—+—+..... is divergent.
22 3 4
SOLUTION
Neglecting the first term, the seriesis = + 2 + > Theref
eglecting thefirst term, esen%ls?+?+F+ ..... . Therefore
n" n" n" 1 _
STy ) ) Ay ()
n(l+j.n”(1+) n(l+)(l+)
n n n n
Take vn=l
n
u, 1 1 1

n ocvn n oo[l—i_lj[l—i_l] n oo[l—i_lj 1
n n n

whichisfiniteand Zv, =Zl isdivergent by p —seriestest (p = 1)
n

2u, isdivergent.

ExXAMPLE 11
Show that the series + 3 + > Fornns oo isconvergent.  (JNTU 2000)
123 234 345
SOLUTION
1 3 5

+ + +
123 234 345
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1
n" teem= u, = 2ol 1 (z_nj
" n(n+l)(n+2) n’ (1+1j(1+2j
n n

Take % :iz
n

n

R G T
s (1+y)(1+ 2] ( j

¢ o 20 _ 2 which is finite and non-zero
ey (1+0)(1+0)

. By comparisontest  » u, and ) v, converge or diverge together

1. .
But > v, = z? is convergent. .. > u, isalso convergent.

EXAMPLE 12

e 1 :
Test whether the series E —1 isconvergent  (JNTU 1997, 1999, 2003)
n++n+

SOLUTION

0

The given seriesis _—
J nZ:;' n++n+1
1
U =—F—Fr—
Jn++n+1

= \/m_\/; =\n+l—-+/n
'(&+¢n—+1)(m_&)‘ﬁ v

unf{@ L% }J;{[hz_{q_s_% _____ B

u,,_f{ZH = }%{%%}
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Take % :i

n \/;

u 11 2 1 1
Lt %=Lt ——{———+...... ===
ey ,Hoo\/;{z 8n }(\/;J 2

which is finite and non-zero .
Using comparison test Z”n and Z"n converge or diverge together.

But Dy, = Z% is divergent (sincep:%)
n

D" u, isaso divergent.

EXAMPLE 13
Test for convergence ) | [\3/ n’+1- n} [INTU 1996, 2003, 2003]
=1
bE 1
n" tem  u, =n 1+i3 -1|=n|1+ 3+}é(}é )ie+ ..... 1
n 3n 1.2 n
1 1 _i(}_i+ ] et v =L
37 g 23 g5 =

Then go% iﬁi(%‘%nﬁ""):%io

. By comparisontest, » u, and D v, both converge or diverge.
But D v, isconvergent by p -seriestest (sincep =2>1) .. > u, isconvergent.

EXAMPLE 14
: 2 3 4 : .
Show that the series, —+—+—+....... is convergent for p > 2 and divergent for
1 20 3
p<2
SOLUTION

n™ term of the given series= u_ = ntl_ n(1+%) - (1+%)
" P n? Pt

1
Let ustake v, :T'
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2. Du, and ) v, both converge or diverge by comparison test.
But D v, =) % ,-1 convergeswhen p -1>1; i.e,, p >2 and diverges when

p—1<li.e p <2; Hencetheresult.

EXAMPLE 15

Test for convergence (INTU 2003)
=3 +1

SOLUTION

%

|7+

%
n 1+3 "
Take _ |2 L /

"l ) R R ry

Lt 22 =1+0; . By comparison tes, D u, and ) v, behavethe same way.

n—>®0
vl’l

=(2Y2 2.2 (2
But Zvn =Z(§] = §+§+[§J +....., Which is a geometric series with

n=1

common ratio | % (<D - Z"n is convergent. Hence Z“n is convergent.

EXAMPLE 16
Test for convergence of the series, + 4 + 9 +. (INTU 2003)
4710 7.10.13 10.13.16
SOLUTION
4,710, isanA . P, t,=4+(n-1)3=3n+1
7,10, 13,............ isanA . P, t,=7+(n-1)3=3n+4
and 10,13, 16 cceveeeeees isan A.P; ¢,=10+(n-1)3=3n+7
I’l2 n2
u = =
g 4 7
(3n+1)(3n+4)(3n+7) 3n(1+ }én).fﬂn(l-i- An).sn(u @n)

1

“on(e 1 (14 )78
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Taking v, :1 , we get
n

Lt u—”=2—17 #0; .. By comparison test, both » u, and D v, behave in the same

n—»
v}’l

manner. But by p —seriestest, » v, isdivergent, sincep =1. .. > u, isdivergent .

EXAMPLE 17
\V2n® -5n+1
Test for convergence ) —————— INTU 2003
9N ) T 1 2 ( )
SOLUTION
th ; - \2n® -5n+1
n" termof thegiven series= u, =———————
4n” —Tn“+2
1
Let v =—
n nz

T 2_%+%2 N 2_%+%2 V2,
. By comparisontest, » u, and )_v, both converge or diverge.
But ) v, isconvergent. [p seriestest—p=2 >1] .. » u, isconvergent .

EXAMPLE 18

Test the seriesd u, , whose n” termis (2—1)
n® —i

SOLUTION
1 1 2
T L N /L~y 7] e

n (4]’12_1) n n n—»o Vn n—o n2(4_%2)
D u, and > v, both converge or diverge by comparison test. But » v, is
convergent by p —seriestest (p=2>1) ; .. Y u, isconvergent.
- 1

Note: Test the series >
= 4n° -1
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EXAMPLE 19
1) . (1 .

If u,=| =|.sin| =|,showthat > u, isconvergent.
n n

SOLUTION

1 . .
Let v, =— ,sothat Y v, isconvergent by p —seriestest .

n2
Lt [”—j y in %) = Lt (S'—mj
n—o V,z n—o (%) t—0 t

wheret = 1/n, Thus Lt [”—"J =1+0

n—0
vﬂ

.. By comparison test, Zun is convergent.

EXAMPLE 20

Test for convergence % tan( %)

SOLUTION

Take v, :}/7 ; Lt [‘7}:17&0 (‘asin above example)
n 2 now vn

Hence by comparison tet, Zun converges as Z v, converges.

EXAMPLE 21

Show that ) sin’ (E] is convergent.
n

n=1

SOLUTION
2

Let u =Sin2(1]; Takevn=i, Le| Mo = 1y Sin(%) :Lt(mf
I’l2 n—o0 vn n—»o0 % +—0 ¢

where t:%; Lt(%j:f:lio

. By comparisontest, » u, and » v, behavethe sameway.

But Zvﬂ is convergent by p- seriestest, sincep=2>1; .. Z”n is convergent.
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EXAMPLE 22

Show that Zw: Iog(n”) is divergent.

n=2

SOLUTION
”":%Iogn ; IogZ<1:>2IogZ<2:>%|ogz>%;

z%logn > Z% ; But Z% is divergent by p-series test.

By comparison test, given seriesis divergent. [If Z"n isdivergent and u, > v Vn then
D u, isdivergent]
(Note: This problem can also be done using Cauchy’ sintegral Test.

EXAMPLE 23

Test the convergence of the series i(c +n) (d+n)" ,wherec,d,r, sareal +ve.
n=1

SOLUTION

The n"term of the series =u, = rl -
(c+n) (d+n)

1 r+s 1
Let v = Then B _ " =

" Yo nr(1+cj .n“'[1+d) (1+CJ (1+dj
n n n n

Lt ¥ =140, - D u, and Y v, both converge are diverge, by comparison test.

n—>0
vl’l

But by p-seriestest, Y v, convergesif (» +s) > 1and divergesif (r +5) < 1

ZMn convergesif (»+s)>1 and diverges if (r+s5) < 1L

EXAMPLE 24

Show that Zn_(l%) is divergent.
1

SOLUTION

un:n_(l+%)= ! Take vnzl; Lt = 1y L =1+0
% n n—o Vn n—o n%
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For let tl =y say;logy= Lt—llogn-—Lt}/zo

n—»0

n—»0

n
0 o) . ,
y=e =1 (| — | using L Hospitalsrule)
o0

By comparison test both Z”n and ZVn converge or diverge. But p-series test,
D v, diverges(sincep =1); Hence Y u, diverges.

EXAMPLE 25
Test for convergence the series Zw: (n i a) ,a, b, c,p, q r being +ve.
=1 (n + b)p (n + c)q
SOLUTION
ey e, L (=)

b et ko] 7 (et (e |

u
; Lt +=1#0;
n’tr sy

Applying comparison testsboth > u, and ) v, convergeor diverge.

Take v, =

But by p-seriestest, > v, convergesif (p+ g —r) > land diverges if (p +¢-r) < 1.
Hence Z”n convergesif (p + g —r)>1anddivergesif (p+qg—-r) <1

EXAMPLE 26
Test the convergence of the following serieswhose n"” terms are:
3n+4 1 1\ n+1Y
€] (3n+4) . () tan=; (9 [—]( j
(2n+1)(2n+3)(2n+5) n n° )\n+3
1
; e
@ 5] @ =
SOLUTION
(8 Hint:Take v, = ZV isconvergent; Lt { )::—837& 0 (Verify)
n—>0 V

Apply comparison test:
z u, isconvergent [the student is advised to work out this problem fully ]
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(b)  Proceed asin Example §; Zun is convergent.

(c)  Hint: Take vnziz; Lt(“—”}zu(“—%)n:%:%io
v, n%w(1+%) e’ e

n n—>0
1
v, =— isconvergent (work out completely for yourself )
n

n

@ w-— -2 1 qaev -1 n|M]o1s0
3}1 + 5’1 5}1 [ ( 3)” } 5" n—o Vn
1+ =
5
D u, and Y v, behavethe sameway. But ) v, isconvergent sinceitisa
. . , 1
geometric series with common ratio < <1

" Z”n is convergent by comparison test .

1 1 .
(e <—,VneN , snce n3 >3;
n3d 3
1 1
—=< ) — (L
n.3' 3 @
The series on the R.H .S of (1) is convergent since it is geometric series with
1
r=—<1.
3
.. By comparison test zign is convergent.
n.
EXAMPLE 27

Test the convergence of the following series.

1+2 N 1+2+3 N 1+2+3+4
PP+22 1242243 1P+22+3+4°

@ Ittt F rrrrrs
P+22 1242243 1°+2°+3+4°

b) 1+ + +
(b) B+22 P+2°+3 1P+22+3F+4°
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SOLUTION
(n+1)
1+243+....+n L 3
@ AR ONp O (2n+1):(2n+1)
..... n(n+1)
6
Take vn:i ; Ltﬂ:Lt( 3n j:g;to
n o nmoey o\ 2n41) 2

D u, and Y v, behavealike by comparison test.
But » v, isdivergesby p-seriestest. Hence ) u, isdivergent.

(Zn +1)
) P+2%+..4n° n(n+1) 2(2n+1)
u = = =
P+ 24’ ,(n+1)°  3n(n+l)
4
Hint : Take v, = 1 and proceed asin (a) and show that Zu” Is divergent.
n
Exercise 1.1
1. Test for convergencetheinfinite serieswhose n” termiis:
1
) [Ans: divergent]
n—n
(b) M [Ans: convergent]
n
(© n*+l-n [Ans: divergent]
(d) \2/;1 [Ans: convergent]
n f—
@ JriP+l-n® [Ans: divergent]
) ; [Ans: divergent]
n(n+1)
(9) \2/; [Ans: convergent]
n°+1
8
(h) 2n+5 [Ans: convergent]
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2. Determine whether the following series are conver gent or divergent.

1 2 3
+ + F o Ans: divergent
@ 1+3% 1+3?% 1+3° : gent]
12 22 32 2+10n
b —t—t—F ... s e Ans: convergent
(b) FERE e [ gent]
(c) = + L + = + [Ans: divergent]
\/1+\/§ \/§+\/§ \/§+\/Z .............. :
2 3 4 :
(d) §+E+?+ ............... [Ans: divergent]
1 1 1
€ —t—+—+ . AnNs: convergent
® PR [ gent]
© 3/ .2
) Z”—” ............... [Ans: divergent]
i dn®+2n+3
(9) 2(8% —1) .................... [Ans: divergent]
1
= 3°+8
h) ) ———— e, ANS: convergent
(h) ;5n5+ 5 [ gent]
1 2 3
i —t—t—+ s Ans: divergent
® 1.3 35 57 [ gent]

1.3.3 D’ Alembert’s Ratio Test

Let(i) S u, beaseriesof +vetemsand (i) Lt ==k (>0)
n—>00 un

Then the series Z“n is (i) convergent if £ <1 and (ii) divergent if £ > 1.
Proof :

Case(i) Lt —L=k(<1)

n—»0
un

From the definition of alimit, it follows that

Im>0 and [(0<<1)>2L < [Vn>m
u

n
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i e um+1 <l um+2 <l
.., I y ——— ereeananas
um um+1
Uy FUy Uy ot e e,

u 1 um 1 um 2 um 1

m .
Uy, Uy 1 Uy

<u, (1+l+l2 +) =u,.—(/<1)

1
1-/

1 . : -
But U, is afinite quantity .. Y u,

n=m

is convergent

By adding afinite number of terms u, +u, +......+u,,_,, the convergence of the

seriesis unaltered. D u, isconvergent.

n=m

Case(ii) Lt mt—f>1

n—x0
un

There may be some finite number of termsin the beginning which do not satisfy

the condition—=1>1. In such a case we can find a number ‘m’

u

n

u
5L >1Vn>m

uﬂ
Omitting the first ‘m’ terms, if we write the series as u, +u, +uz; + ......... , we
have
u u u
—2>123>1-4>1 ... and so on
U U, Us
_ U, Uz u
Uy +uy e tu, =u | I+ —=+—=.—< 4. (to n terms)
Uy U Uy

> uy(1+1+11+...1t0nterms)

= nu,

Lt D u, > Lt nu, which —>o0; ..

n—»0 n—»0

n=1

D u, isdivergent.
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. : : . - 1
Note: 1 Theratio test failswhen k = 1. As an example, consider the series, E —
n=1 n

u n \’ 1 ’
Here Lt"—+1=Lt( J = Lt =1
n—»>0 n—>0 + n—o
u, n 1+ %
i.e, k=1for al values of p,

But the series is convergent if p > 1 and divergent if p <1, which shows that

when k =1, the series may converge or diverge and hence the test fails .

Note: 2  Ratio test can also be stated as follows:
u
n

If > u, isseriesof +vetermsandif Lt ——=k, then D u, isconvergent

n—oo
unJrl

If k> 1anddivergent if £ <1 (thetest failswhen k = 1).

Solved Examples

Test for convergence of Series

EXAMPLE 28
2 3
@ X (INTU 2003)
12 23 34
SOLUTION
- xn . _ xn+l - u,Hl: xn+l }’l(}’l+1): 1 N
" on(n+1)” (n+1)(n+2)" u, (n+1)(n+2) x" (LLZJ '
n

Therefore  L¢ 2l — x

n—»0
url

.. By ratio test Z”n is convergent When [x| < 1 and divergent when | x | > 1;

— ! ; Take vn:iz; Lt -1
n®(1+1/n) n® ey

.. By comparison test Z”n is convergent.

Whenx =1, u, =

Hence > u, isconvergent when |x| <1 and divergent when |x| > 1.
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(b) 1+3x+5x°+7x°+.......

SOLUTION

u,=(2n-Dx""  wu,,=(2n+1)x"; Lt 1 g (2n+ljx:x

n—o 1y n—»ow 2]’1—1
n

~. By ratiotest ) u, isconvergent when |x| <1 and divergent when |x|>1

When x=1iu, =2n-1 Lt u,=o0; . D u, isdivergent.

n—»0

Hence ) u, isconvergent when |x| <1 and divergent when |x|>1

0 xl’l
© ) —— .
,,Z:;‘ n®+1
SOLUTION
Y= xn . ) B xn+l
"o+l " (n+1) 41

=X

2
2 n (1+ 2)
Hence Ut _ 2” 1 x, Ltlwi_ gy % (x)
u n“+2n+2 n—w Y n—e 2( 2 ZJ
" n| l+—+—
n n

n

. By ratio test, »_u, is convergent when |x|<1 and divergent when |x|>1 When
1

n®+1 n

. By comparison test, » u, is convergent when |x| <1 and divergent when |x| > 1

; Take v, :i

2

x=1u, =

EXAMPLE 29

o (2
Test the series Y. (nz 1}(” ,x >0 for convergence.
n?+

n—»0

SOLUTION
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Le Yoy ( 2112+2n J(HZH) X
oo, ool n? 42042 ) (n? 1)
= Lt n4(1+2/”)(1+]/n2) )]:x

noe| (1+ 2/n+ 2/n2)(1—]/n2
.. By ratio tet, Zun is convergent when x <1 and divergent when x>1 whenx =1,

2
-1 1
u, = n2 Take v, =—
n°+1 n

Applying p-series and comparison test, it can be seen that Z u, isdivergent whenx = 1.

Zun is convergent when x < 1 and divergent x >1

ExAMPLE 30
27 3P 47

Show that the seriesl+ —+—+—+....., isconvergent for al values of p.
2 3 |4

SOLUTION

1 p
= Lt x Lt (1+—} =0<1;
n%oc(n{.l) n—»o0 n

D u, isconvergentforal ‘p* .

EXAMPLE 31

Test the convergence of the following series

1 1 1 1
—t—+—+—+
¥ 3 B 7
SOLUTION
1 1
un: un+1: P
(Zn—l)p (2n+1)
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Uy _ (2n-1)° _ 2" .n” (1-Y2n)" 1t g
u, (2041 2'n"(L+Y20)" " e u,
. Ratio test fails,
Take vn:nip;z_n:(znnpl)p: 11 p;,ﬁiz_"zzip’
s - o (1_) \
2n

which is non — zero and finite
. By comparisontest, » u, and ) v, both converge or both diverge.

. 1 .
But by p — seriestest, Z"n = Z—p convergeswhen p >1 and diverges
n

when p<1
Zun isconvergent if p>1anddivergentif p<1.

EXAMPLE 32
Test the convergence of the series z (n f)x ;x>0
n=1 n
SOLUTION
(n+D)x"  (n+2)x""
un = 3 ’un+1 3
n (n +1)
U,, n+2 e n’ _[n+2j( n Tx
u, (n+1)3' '(n+1)x" n+l)\n+1) "
u 1_'_3 1
Lt L= It L X=X
n—w 1y n—o 1 } ( 1j
n + 1+ =
n n
.. By ratio test, Zun convergeswhen x < 1 and divergeswhenx > 1.
+1
Whenx =1, u, = —
n

1 . . .
Takev, =— ; By comparison test Z”n is convergent ( give proof )
n

. Y u, isconvergentif x <1 and divergent if x> 1.
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EXAMPLE 33
Test the convergence of the series (INTU 2002)
) 2
() Z n_+i2 (i) 1+ 2.5.8+2.5.8.11+ . (iii) E+1;2+1'2'3+
=\ 2" n 159 15913 3 35 357
SOLUTION
. =(n® 1 2n &l n’ 1
i —+—= =) —+> = Let u =—;v =—
() ;(2’7 n2 ; n = n2 n 2n n 7’12
+1)° +1)° 2 2
el e ) 2 g e g (02 L
2n+ un 2n+ n n—»0 un n—>0 n 2

- By ratiotest ) u, isconvergent. By p —seriestest, » v, isconvergent.
. Thegiven series (Y u, + " v, ) isconvergent.
258 25811
: + +
159 159.13
Here, 1% term has 3 fractions 2™ term has 4 fractionsand soon .

n" term contains (n + 2) fractions

2.5.8.....arein A. P.
(n+2)" tem=2+(n+1)3=3n+5;
. 1.5.9,..... arein A. P.
(n+2)" tem=1+(n+1)4=4n+5
 258...(3n+5)
“T159. (4n+5)
258....(3n+5)(3n+8)
Upa =
1.59....(4n+5)(4n+9)

(i) Neglecting the first term, the series can be taken as

n(3+8)
M:M- Lt un+1: Lt n :§<1
u, (4n+9) o, M”(‘”gj 4

n

~. By ratiotest, » u, isconvergent.
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(i) 1,23, ... aeinA.Pn” tekem=n;3.5.7.......... arein AP. n” tem=2n+1

1.2.3...n
u =
' {3.5.7.....(2n+1)}

_{ 12.3...n(n+1) }

YT 357, (2n+1)(21+9)
M:[ n+1 j
u, 2n+3

n.(1+1j 1
T R VA Y |

no Yy n—>w n(2+3j 2
n

By ratiotest, Y u, isconvergent.

EXAMPLE 34
© 1.35...(2n-1

Test for convergence | G ).x"‘l(x>0) (INTU 2001)
246,21

SOLUTION

135..(22-1) ,,
X
2.46...2n

The given series of +vetermshas u, =

135...(2n+1)
= X
" 246..(2n+2)

and u

g (201), 20 0)
/iiuu—j:néi[z:u} - ,,J@W%:)-x:x

.. By ratio test, Z”n is converges when x < 1 and diverges when x > 1 when x = 1, the

test fails.

135...(2n-1)
<land Lt u, #0
24621’1 n—»o

o Y u, isdivergent. Hence D u, isconvergent whenx < 1, and divergent when x>1

Then u, =
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EXAMPLE 35

Test for the convergence of l+§x+gx2+ ........ +[2 _zjx"'l+ ..... (x>0)

(JNTU 2003)

SOLUTION
2'-2
2'+1

(2’”11 )x"; Lt (ﬂjz Lt .(Znill_zjx[zhrl].x
(24 Teoelw, ) o (241) (202
|zt Zlt) |
RERTPSE AN

Hence, by ratio test, Zun convergesif x <1 and divergesif x > 1.

Omitting 1% term, u, [ ] "(n=2) and 'u," areadl +ve.

71

—2. ; Lt u, =1=0; - > u, diverges

+1 n—>

Whenx = 1, thetest fails. Then u, =

Hence Z“n is convergent when x < 1 and divergent x > 1

EXAMPLE 36
3 41)
Using ratio test show that the series Z—I converges (JINTU 2000)
= n!
SOLUTION

_(3-4i) / _(3-4i)™ (), (34
un ’ un+l_ (n+1)|! nél; unl _né)l;c n+1 —O<1

Hence, by ratio test, Z”n converges.

EXAMPLE 37

Discuss the nature of the series, ix + ix2 + ix3 Forerns oo(x>0) (INTU 2003)
34 45 5.6

SOLUTION

Sincex >0, the seriesisof +veterms;
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u :(n—+1)x” >u — (n+2) n+l
" (n+2)(n+3) e (n+3)(n+4)

U, (n+2)x | n?(1+2)° x .
nétw u, _[(n+1)(n+4 } n]itw (1+/ / ) e

Therefore by ratio test, ZMn convergesif x <1 and divergesif x >1
(n +1)

When x = 1, the test fails; Then y, =————+——;
" (n+2)(n+3)

Taking v, :1; Lt :u—”:1¢0
n noo v

. By comparisontest » u, and » v, behave sameway. But Y v, isdivergent by p-
seriestest. (p = 1);
" Y u, isdivergeswhen x =1

" ZMn is convergent when x < 1 and divergent when x>1

EXAMPLE 38
3.6.9.....3n.5"
4.7.10..... (3n +1)(3n + 2)

Discuss the nature of the series (INTU 2003)

SOLUTION

369..31 5
u = :
" 4.7.10..... (3n+1) 3n+2)

(
3.6.9....31(3n+3)5""
YT 710. (3

.7.10..... n+1) 3n+4)(3n+5)

(
It Uy _ It (3n+2)(3n+3)
no® oy o (3n+4)(3n+5)

/i)

~. By ratiotest, Y u, isdivergent.

Here,
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EXAMPLE 39
Test for convergence the series z n"
n=1
SOLUTION

o, =(n+1) "

u,=n
Uyg (n +l)_" " _1( n )n
u, nt" n(n+1)" n\n+l
u 1 1 1
Lt L= It =, =0.-=0<1
n—o u” n—® p 1+ % e

- By ratiotest ) u, ,is convergent

EXAMPLE 40

&2’
Test the senest , for convergence.
n

n=1

SOLUTION
2(n+1)’

u, :E’ “M:?

20 n (n+1f (1 4)

un+l — —
3

X
u n+1 2n® n

n

Lt Yt —0<1:

n—»0
u?‘l

~. By ratiotest, Y u, isconvergent.

EXAMPLE 41
) 2'n!
Test convergence of the series Z -
n

SOLUTION
y = 2”,114! - 2’”1(n+1)! _
n (n +1)

n+l
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o 2 0]
u, (n+1)”+l 2" n! n+1
Lt — o gy ;n:g<1 (since2<e< 3)
n—>»00 u n—»00 e
TR
. By ratiotest, _u, isconvergent,
EXAMPLE 42
Test the convergence of the series Zun where u, is
n?+1 X 123.n Y
@ - ) ——.(a>0) (0
3 +1 (2n+1) 4.7.10....3n+3
V142" 3+ 7n”
d e — X"
@ V1+3 © ( 5”9+11]

SOLUTION
@ L [h} » {(nj)zﬂx 3*;+1]
e\ oy ool 341 41
w |2 2) 2 )
ooy (1+ % 2) 3"*1(1+ %1)

:1<1
3

. By ratiotest, » u, isconvergent.

b Lt (hj: L{ X x(2n+11)a}
n—»0 un n—»o0 (2n+3)a x”
[2orfety)
n—»0 2 a(1+/ )

By ratio test, Z”n convergence if x < 1 and divergesif x > 1.




Sequences and Series 37

When x = 1, the test fails, Then, u, :ﬁ;Taking v, :ia we have,
n+1 n

Lt (”—”): Lt( " J = Lt;a:iaio and finite (sincea > 0).

oy n—o\ 2pn+1 n—)w(2+%) 2

. By comparisontest, Y u, and ) v, have same property

But p —seriestest, we have
(i) v, convergentwhen a>1
and (ii) divergent when a <1
o Tosumup, (i) x <1, Z”n isconvergent Va.
(i) x>1, D u, isdivergent Va.
(i) x=1, a>1, Z”n is convergent, and
(iv) x=1,a<1, Y u, isdivergent.

123.n(n+1)  4710..(31+3) |
4710..(31+3)(31+6)  123..n

- nﬁi{s((’;ilg)}z et

~. By ratiotest, » u, isconvergent

(1+2%) (1+3) r
(1+37) (1+2")

© LtZmi_ gy

n—wo 1y n—>x0
n

Gy

n—0 u n—»0
n

- By ratiotest, M u, isconvergent.
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i 3 2 9
© 1ol g, 30D +Z(”+1) VL
o, el B(p4l) +11 3n”+7
1
[ 2%0)

Lt :3"3(“%)3 ro(ie 1)

n—so 5,° (1+ }/)g +11 (1+ %]’13)
o 3n° {(1+y) (1+y)2}x5”9 (1+%n9)
gy {(1+ v )9 +51nlg} 3”3(1+ %n3)

". By ratio test, Z”n converges when x < 1 and diverges when x > 1.

XX

5n°
X
3

When x = 1, the test falls,
Then u = 3n3(1+%n) _ 3 (1+73n)

R

Taking v _ L , we observe that Lt §¢O
T

n
n—>0 V

*. By comparison test and p series test, we conclude that Z”n IS convergent.

" Zun is convergent when x <1 and divergent when x > 1.

XX |=

X

Exercise - 1.2

1. Test the convergency or divergency of the serieswhose general termis:

@ e [Ans: |x| < 1cgt,|x 2|1dgt]
n
(0 A" [Ans: |x|<1cgt,|x >|1dgt ]
(© [é: ;i] X' [Ans: |x| <lcgt, |x Z|1dgt ]
2
(d) (Zztﬂx" ................... [Ans: |x| <1cgt,|x Z|1dgt ]

........................ [Ans: cgt.]

(€)
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) 4n1£ .......................... [Ans: dgt.]
n
(n3 + 1)}1
(9 (3n +1) ....................... [Ans: cgt.]

2. Determine whether the following series are convergent or divergent :

2 3
€) r)cz+%+%+ .............. [Ans: |x|<lcgt,|x| > 1dgt ]
2 3
(b) 1+%+;—2+%+ .............. [Ans: |x|<lcgt,|x| > 1dgt ]
1 X x? i
(© 153 258 789" " [Ans: |x|<lcgt,|x| > 1dgt ]
x x* x° x"

(@ I+=+—+—+... [Ans: |x|<lcgt,|x| > 1dgt ]

(€ —+—F+—F5+ s [Ans: |x|>1cgt,|x|£1dgt]

1.3.4 Raabe’s Test

n—o0
unJrl

Let Z”n be series of +vetermsand let Lt {n(i—lj}:k

Then
(i) 1fk>1, > u, isconvergent. (i) If k<1, D u, isdivergent. (Thetest failsif & = 1)

1
Proof : Consider the series Zvﬂ:Z—P
n

[t () 2]
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Case (i) Inthiscase, Lt n{ U }:k>1
e un+l

We choose anumber ‘p’ 3 k > p >1; Comparing the series Z“n with
D v, which isconvergent , we get that » u, will convergeif after some

fixed number of terms
Uy _ Vo _ (n +1Jp
un+1 Vn+l n

1
ielf, nt_1 >p+m.1+ ......... from (1)
u Z2 n

n+l

ie,If Lt n( Yy —1j>p

n—»o
un+l

i.e, If k>p, whichistrue.Hence Zun is convergent .The second case also

can be proved similarly.

Solved Examples

EXAMPLE 43
Test for convergence the series
1 x° 13 x> 135 x’

+—.—+ —+ —t.... (JINTU 2006, 2008)
23 245 246 7

SOLUTION
Neglecting the first tem ,the series can be taken as,

1 x_3 1.3 x° 135 x’

. A e
23 245 246 7
135..aeinAP. n" tem=1+(n-1)2=2n-1

246..aeinAp. n" tem = 2+(n-1)2=2n
35.7..aeinA.P n” tem =3+(n-1)2=2n+1

1.35...(2n-1) x4
246...(2n) 2n+1

u, (n™ term of the series) =
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135..(2n-1)(2n+1) x*°
u = .
" 246...(2n)(2n+2) 2n+3

w,, 135..(2n+1) x*°  246..2n (2n+1])
u, 246..(2n+2) (21+3)1.35...(2n-1)  x**
_ (2n+1)2x2
~ (2n+2)(2n+3)

2
4n* (1+ 1)
Lt L1 — gy 2n 2= x?

> 3 X" =x
o gy 42 (1_'_ j (1+ j
2n 2n

- By ratiotest, » u, convergesif |x| <1 and divergesif |x|>1
If |x| =1 the test fails.

u, _(2n+2)(2n+3)
(2041

, 4 (2n+2)(2n+3) 1o 6n+5

n

Then x>=1 and

U, 1 (Zn +1)2 (2n+1)2

2
L {n| M|l [ O En
o u,, el 4n® +4n+1

n2(6+5) 3
=Lt n —>1

n%nz(4+4+12) 2
n n

By Raabe’ stest, Zun converges. Hence the given series is convergent when |x| <1 an

divergent when |x| > 1.

EXAMPLE 44
Test for the convergence of the series (INTU 2007)
3 36 , 369
I+ —x+—x"+—=x"+..... ;x>0

X + X+
7 710 7.10.13
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SOLUTION

Neglecting the first term,
3.6.9....3n
u = X
" 7.10.13..3n+4
3.6.9....3n(3n+3)
u = .
" 7.1013....(3n+4)(3n+7)

n

n+l

un+l — 3n+3 . Lt un+1 =x

X
u, 3n+7 ooy

n

.. By ratio test, Zun is convergent when x < 1 and divergent whenx > 1.

When x = 1 The ratio test fails. Then
7 4
u, 3n+7 u, 1

n

w., 3n+3'u,, " 31+3

n+l

Lt {n| Mo =Lt[ 4n j=f>1
oo |\ e\ 3n+3) 3

.. By Raabe'stedt, Z”n is convergent .Hence the given series convergesif x <1 and

divergesif x > 1.

EXAMPLE 45

_ & P59 (4n-3)
Examine the convergence of the series Z >
1 47.8%.12%...(4n)

SOLUTION
 PPB9..(4n-3)" P59 ..(4n-3)" (4n+1)
T80 (4n)" T 48122 (4n) (4n+4)
2
Lt Ha gy (4"+1)2 —1 (verify)

e u, e (4n+ 4)

.. Theratio test fails. Hence by Raabe’ s test, Z”n is convergent. (give proof)
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EXAMPLE 46

(Ln)°

Find the nature of the series > ~="x",(x >0) (INTU 2003)

[2n

SOLUTION

— (Iﬂ)z xn . — (ln_+1)2 xn+1
n @ b ? P+l 2n+2 b
un+l — (n + 1)2 x:

u, (2n+1)(2n+2)""

S
T TP TP

.. By ratio test, Z”n converges When% <1,i.e;x < 4; and diverges when x >4;

When x = 4, the test fails.
u, (2n+1)(2n+2)

U, 4( n+ 1)2

u g -2 _ -1 . n[ u, _J 1y
u,, 4(n+1) 2(n+1) 100 u,, 2

- Byratiotest, » u, isdivergent

Hence Zun is convergent when x < 4 and divergent when x > 4

EXAMPLE 47

_ 4.7....(3n+1) .
Test for convergence of the series ZT)C (INTU 1996)
SOLUTION

n . n+l

4.7....(3n+1) 4.7....(3n+1)(3n+4)
U =———=x U _,=
" 123..n "t 123..a(n+d).

LYoy {(3n+4) .x} =3x
now gy now (n+1)
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.. By ratio test Z“n convergesif 3x<1li.e, x<% and divergesif x>E ;

If x::—];,thetestfails
When x=1,nu_n_1=,{w_1}:n -1 ]_ 1
3 Uy 3n+4 37’l+4 ( 4)

3+—
Lt n{i— }:—E<l
n—w u 3

n
n+l

~. By Raabe'stest, ) u, isdivergent.

. 1 . 1
Z”n is convergent when x < 3 and divergent when x > 3

EXAMPLE 48
Test for convergence 2+3_2x +4—;2 +57i3 F v (x>0) (INTU 2003)
SOLUTION
The n”term :Mx”*l; u+1:Mxn ”+1:”(”+2)_
" " (n+) u,  (n+1)’
t 2= Lt n2(1+%) x=

.. By ratio test, Zun isconvergent if x <1 and divergent if x > 1
If x =1, the test fails.
2
+1
Then Lt n| 2o — =Ltnu— :Ltn;:0<1
n—oo un+l n—o n (n + 2) n—»oo n (n + 2)
. By Raabe'stest ) u, isdivergent

Z”n is convergent when x < 1 and divergent when x >1

EXAMPLE 49

Find the nature of the series § + ﬁ + ﬂ +10000i00 (JNTU 2003)

4 47 4.7.10
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SOLUTION
3.6.9.....3n 3.6.9.....3n(3n +3)
un = : Z’ln+l =
4.7.10..... (3n +1) 4.7.10..... (3n +1)(3n + 4)
+3
un+l 37’l+3 Lt un+1 = Lt — /9N 3 ( 37’1)
u,  Bn+4 ey g, (1+/ )
Ratio test fails.
Lt {n{ Uy —1H= Lt {n(3n+4—lﬂ
oy noe| \ 3n+3
n n 1

Lt =Lt ———==<1

52 3(n+1) ,7%3”(“ %) 3

~. By Raabe'stest ) u, isdivergent.

EXAMPLE 50
If p, ¢ > 0 and the series

1£+1.3.p(p+1)+1.3.5 p(p+1)(p+2)+
2¢q 2.4.q(q+1) 246 q(q+1)(q+2)

is convergent , find the relation to be satisfied by p and g.

1+

SOLUTION
y :1.3.5.....(2n—1) p(p+1) ..... (p+n—1)
" 246..2n  q(g+1)...(¢+n-1)
; :1.3.5.....(2n—1)(2n+1)p(p+1) ..... (p+n—1)(p+n)
i 246..2n(2n+2) q(q+1)...(¢+n-1)(g+n)

Upa _ (2n+1) (p+n) .
u (2n+2) (q+n)’

Lt Yot _ 2”(1+%)n( /
S T 2, ) |

.. ratio test fails.
Let us apply Raabe’ s test

[neglecting 1% term]
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Lt [n hy _ H Lt {n ( )(2”+2) 1H
n—»o0 u,, n—»0 21’1 _|_1
ne 2q(n+1) 2n+1 +n
i (1+ 17 2+ }/
I’ Zq(1+%)_p(2+%)+l _2g-2p+1
n—w 2 B
Since Zun is convergent, by Raabe’' stest, %lﬁl >1

=q-p> % isthe required relation.

Exercise 1.3

1. Test whether the series Z“n is convergent or divergent where

1
2426°....(2n-2)°
u = X
" 345...(2n-1)(2n)

2. Test for the convergence the series
z 4.7.10..... (3n +1) ;
X

2=

3. Test for the convergence the series:
224> 2PAH BT 2240507782107
FF +32326262 i 3.3.6°.6°.9°.9 "

2n

(i)

135

m-1)
(i) 2. 246(n )

2n '(2n+2)

(x>0) [Ans:

[Ans: |x| <lcgt,|x| > 1dgt]
[Ans: |x| < %cgt, |x| > :—]g'dgt]

[Ans: divergent]
[Ans: cotif x < 1dgtif,x>1]

cgtif x < 1dgtif,x>1]
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I S S

X+ + P cooooo

R VT

[Ans: cgtif x <4 anddgtif,x >4]

1.3.5 Cauchy’s Root Test

Let > u, beaseriesof +vetermsand let L u, %=1 Then D u, isconvergent when

n—>0

/< landdivergentwhen/>1

Proof : (i) Lt un% =/<1=3a +venumber 'A'(/<A<1) 3“,,% <A,Vn>m

n—>0
(o) u,<A",Vn>m
Since /1<1,Z/1” iS a geometric series with common ratio < 1 and

therefore convergent.
Hence > u, isconvergent.

(i) Lt u /" =1>1

n—0

". By the definition of alimit we can find a number r > un% >1IVn>r

e, wu,>Vn>r

i.e., after the1® ‘7 * terms, each termis> 1.
Lt Y u, =00 o Y u, isdivergent.

n—0

Note: When Lt( ) 1, the root test can't decide the nature of »_u, . The fact of

n—0

this statement can be observed by the followi ng two examples

1. Consider the series Z}/ —Ltun " Lt w( 1%}

n—w n—>0

2. Consider the series Z}/ in which Lt”

n—o0 n—>0 n

In both the examples given above, [ tun% =1. But series (1) is convergent

(p-seriestest)
And series (2) is divergent. Hence when the limit=1, the test fails.
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Solved Examples

EXAMPLE 51
Test for convergence the infinite series whose n” terms are:

(i) —1 (ii) _ 1 (iii) ; (JNTU 1996, 1998, 2001)
n

(Iogn) [ . 1}"
n

0) unzn—i,u%zn—lz . Ltu' =Lt — 1 - =0<1,

n
n—>0 n—»0 }/l

SOLUTION

By roottest M u, is convergent.

(i) wu,= 1 = L u’ = Lt =0<1;
(logn)"’ logn n— n>= logn
By root test, D u, is convergent.
1 1 1
i) w4, =" = Le =Lt 5

n n? ’un n
(1+ 1) (1+ lj " " (1+ 1)
n n n

. Byroottest » u, isconvergent.

EXAMPLE 52

Find whether the following series are convergent or divergent.

a1 o111 [n+1 x|’
[ — i) I+ —=+—=+—+..... iii

O X3 O Lrgrgra (i) Z

SOLUTION

7
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7

Liu/"= Lt ;1
= = (1_j
3

pA
(i) u, :in; Lt un% = Lt (inj =0<1; By roottest, » u, isconvergent.

1
=3 <1; By root test, Z u, isconvergent.

n n—>0 n—0 n

[(n + 1) x]n

(i) wu,= e
A
1
woufe g 000
n %
. H(ml)x} .1] _ (’Hljx'i
n—o n n n— n n%
Lfn[“%%% = gox.ni%=x [since ngth. nly =lj
" Y u, isconvergent if |x| <1 and divergent if |x|>1 and when |x| =1 the
test fails.
Then u, = (n-:i-) ; Take v, :1
n n
ﬂz(n_:i-) .n=(n+n1) :(1+1j o Lt u—”=e>1
v, n n n ey

.. By comparison test, Zun isdivergent.
(>, divergesby p —seriestest)

Hence > u, isconvergent if |x| <1 and divergent |x|>1

EXAMPLE 53

n2

[T— —, show that )" u, isconvergent,
(n+1)
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. T ,,
Ltun%th L —| =Lt = " ”:Lt(nj
n—0 n—m (n+1) n—»ow (l’l+1) n->o\ p4+1
1 1
= Lt|——=| ==<1; . ) u, convergesby root test .
n—»o 1 e
_l_i
n

EXAMPLE 54

. 1 (2 (3
Establish the convergence of the series §+ 5 + 7 + o
SOLUTION

u = —| veifyy,  Lew = 1| —"—]=Lc1

2n+1 n—>o o\ 2n+1) 2
By root test, » u, isconvergent.
EXAMPLE 55
Test for the convergence of X"
J ,,Z:;‘ n+1
SOLUTION
2 2
1 1
u,= — X" Ltun%:Lt — X=X
1+7 n—»0 n—»0 1+7
n n

. By root test, M u, isconvergent if |x| <1 and divergent if |x|>1.
1
When|x|=1: u, = ‘/Ll ,taking v, = and applying comparison test , it can be
n+ n

seen that is divergent
> u, isconvergent if [x| <1 and divergent if |x|>1.

EXAMPLE 56

Show that Z(n% —1) converges.

n=1
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SOLUTION
u,= (n% _1)
Lt un% =Lt (n% —1)=1—1=0<1(Since Lt n% :1) ;
D u, isconvergent by root test.

EXAMPLE 57

. . (n+2Y
Examine the convergence of the serieswhose »n” termis ( 3} X"
n+

SOLUTION

u, =[n+2j X"y Lt un% = Lt (n+2jx:x

n+3 0 noe\ n+3
. By root test, » u, convergeswhen |x| <1 and divergeswhen |x|>1 .

+2Y [sz
=[”—j . Ltu = Lt ~—"2

n-+ 3 n—»0 n—0 n
)
n
2

e 1
—=—% 0 andthetermsareall +ve.
e e

o Y u, isdivergent . Hence Y u, isconvergentif |x|<1 and divergentif |x|>1.

When |x|:1: u

n

EXAMPLE 58
Show that the series,

22 21" [# 37" [4 4]
- H = == +...... isconvergent  (JNTU 2002)
3 3

{(n+1)"+l n+l] (nﬂjnﬂnﬂy }
u, = a1l . — -1
n n n n

1N

—n
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1 1
l n
(14‘ ) (1+ 1) -1
n n
11 1
v Ltu/n = —=—-<1
n— le-1 e-1
~. By roottest, » u, isconvergent.
EXAMPLE 59
Test Zum for convergence when u,, :e—ﬂnz
m=1 (1+ )
m
SOLUTION
mz %Vl
(1+2 ) 1 2 m 2
Lt (u}/): Lt 4 . Lt —(1+—j € e
m—>o0 m-—»o0 e m-—»o0 e m e
Hence Cauchy’ sroot tells us that z u, isdivergent.
EXAMPLE 60
Test the convergence of the series Z ’Zz.
e
SOLUTION
J4 n% .
Ltu/"= Lt —=0<1 . Byroottest, Y u, isconvergent.
n—>0 n—0 e
EXAMPLE 61
.2 F n+1)" x"
Test the convergence of the series, 1—2x+§x2 + %jt ...... , x>0
n
SOLUTION

Ltu)" = Lt w = Lt (”—Jrlj L
n—»0 n—>0 nn+ n—>0 n %
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= Lt [(LLEJ L .x} :1.1.x=x[since Lt n% :1J

n—>o0 n n% n—>0

.. By root test, Z”n convergesif x <1 and divergeswhen x >1.
When x =1, the test fails.

Then  u, :(1+1j l Take v, _1
n n n

Lt Y= gy (1+1j =e#0

n—>o0 vn n—>0 n
.. By comparison test and p-series test, Z“n is divergent.

Hence Z“n is convergent when x <1 and divergent when x >1.

Exercise 1.4
1. Test for convergencetheinfinite serieswhose n” termsare:

1
A) s Ans: convergent
@ - [ gent]
1
(b) —.(n#£1) i [Ans: convergent]
(log)
3n+1 Y 4 4
C 1 2 IR Ans: (x| < —cgt,|x| > —dgt
© 4n+3"j [Ans: |x| < Zcgt || 2 3 det]
) T [Ans: cgtforal x>0]
|n
(e ﬁn ............................................. [Ans: convergent]
n
) S”fn ........................................ [Ans: convergent]
n
(2}12—1)"
(9) ST e [Ans: convergent]
(2n)

(h) (n% - )Zn ................................... [Ans: convergent]
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() ("—_1] ................................... [Ans: divergent]
n

. nx !

() 1 (x>0) s [Ans: x<1cgt, x>1 dgf]
n+

2. Examinethefollowing seriesfor convergence:
2 3

(@ 1+§+;—2+%+ ..... X >0 [Ans: x <Icgt,x >1dgt ]
1 (2y (3Y

D) —+| =] +| = | Fer Ans: convergent

SENEREY T

1.3.6 Integral Test
+ve term series,

$(1)+p(2)+....+¢(n)+....
where ¢5(n) decreases as n increases is convergent or divergent according as the
integral Ilw¢(x)dx isfinite or infinite.
Proof : Let S, =¢(1)+¢(2)+....+4(n)

From the above figure, it can be seen that the area under the curve y = ¢(x)

between any two ordinates lies between the set of exterior and interior
rectangles formed by the ordinates at

Hence the total area under the curve lies between the sum of areas of al interior
rectangles and sum of the areas of all the exterior rectangles.

Hence

n+l

(pO)+8(2)+.td(n)) 2 [ p(x)dx 2 {$(2)+$(3)+ ...+ p(n+1)}

1

28,2 [Cp(x)dx =S, —¢(1)
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0

As n— o, Lt S, isfiniteor infinite according as quﬁ(x)dx isfinite or infinite.

Hence the theorem.
Solved Examples
EXAMPLE 62
S 1
Test for convergence the series Z (JNTU 2003)
n=2 N Iog n
SOLUTION

n—»0

widx = Lt J-n
2 xlogx n-w| 42 xlogx
.. By integral test, the given seriesis divergent.

dx} = Lt [loglogx], =

EXAMPLE 63
. =1
Test for convergence of the series Z—p (INTU 2003)
n:ln
SOLUTION
» 1 w1 -1 1"
j—dx:Lt I—dx=Lt al :
1 XP n—ow| J1 )CP n—0 _p+1 .
1
S
1_p n—oo

Case (i) If p>1, thislimitisfinite; Zip is convergent.
n
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Case(ii) If p <1, thelimitisinfinite; .. Zip is divergent.
n

Case (iii) If p =1, thelimit Lt logx|] = Lt (Iogn):oo; Zip is divergent.
n

n—>0 n—x0

1 . , .
Hence Z—p isconvergent if p > 1 and divergentif p < 1
n

EXAMPLE 64
n

Test theseriesz -~ for convergence.
1

e

SOLUTION

=9 (n)(say);

e
¢(n) is+ve and decreases as n increases. So let us apply the integral test.

unz

[’e] [e] [’e]

J‘¢(x)dx = J‘xefxzdx -1 J.eftdt{t =x°,dt = 2xdx}

1 1 21
= _le” f:—l O—1 :i,whichisfinite.
2 2 e) 2e

By integral test, » u, isconvergent.

EXAMPLE 65

: . 1 .
Apply integral test to test the convergence of the series z —sin (E)
o N n

SOLUTION

Let ¢(n):izsin(£j; ¢(n) decreasesasn increases and is+ve.

n n

T N AT

£¢(x)dx:£?sn(;jdx, Let%:t

1% 1 1

. _ = 0 T g _ _ . __

_;;snzdz_”co& = finite %zdx dt; %zdx %Zdt

2

. By integral test, ) u, convergesx:Z:t:% x=wo=t=0
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EXAMPLE 66

Apply integral test and determine the convergence of the following series.

2, 3n =258 = 1
b
@ 21:4n2+1 (®) 21:3n4+2 © 21:3n+1

SOLUTION

@ $(m)=g 7

J'(x)dx T [4x2+1=t:>xdx:}édt J

is+ve and decreases as n increases

T¢( )dx = Lt [:J;it} ’HwPIogt—logS}

n—»o
1

. By integral test, ) u, diverges.

3

(b) ¢(n):3n > decreases as n increases and is +ve
F To2y°
‘1[¢(x)dxzjl.3x4+2dx
= éﬁ:%[logt]::w [wheret=3x"+2]

5

By integral test, » u, isdivergent.

© ¢(n)= 1 is +ve, and decreases as n increases.
3n+1

dx
'[¢ j3x—i-1
. Byintegral test, > u, isdivergent.

jld’ £ =3x +1]

Alternating Series

. -1 .
A series, u, —t, +ty—ty + =+t (=1)" " u, +....,where u, aredl +ve isan

aternating series.
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1.3.7 Leibneitz Test

n—

If in an alternating series > (=1)" " u, , where u, areall +ve,

n=1
) wu,>u,,,Vn, and (i) Lt u, =0, then the series is convergent.
Proof :
Let u, —u, +u;—u,+..... be an aternating series (‘ u,’are al +ve)
Let u, >u, >uy >u,..., Then the series may be written in each of the following
two forms:
(y—uy)+ (g —uy )+ (us —ug)+oe (A)
ul—(uz—u3)—(u4—u5)— ............... (B)

(A) Showsthat the sum of any number of termsis+ve and
(B) Showsthat the sum of any number of termsis <u, .

Hence the sum of the seriesisfinite. .. The seriesis convergent.

Note: If Lt u, #0, thenthe seriesis oscillatory.

n—>0

Solved Examples

EXAMPLE 67
Consider the series 1—1+}—1 .....
2 3 4
In this series, each term is numerically less than its preceding term and n” term — 0 as
n— 0.
.. By Leibneitz' stest, the seriesis convergent.

(Note the sum of the above seriesis Log,2 )

EXAMPLE 68
n-1
(-1
Test for convergence Zﬂ (INTU 1997)
n —
SOLUTION

The given seriesis an aternating seriesZ(—l)"_1 u, ,where u, = > 1
n_

We observethat (i) u, >0,Vn (i) u, >u, ,Vn (i) Lt u, =0

n—>0

n+1?

.. By Leibneitz' stest, the given seriesis convergent.
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EXAMPLE 69
11 1

Show that theseries S =1-—+———+...... converges. (JNTU 2000)
3 9 27

SOLUTION

n-1
(_3?1 _ Z(—l)”’l u, ,where u, = 3n—1_1 is an alternating series

inwhichl. u, >0,Vn 2. u, >u,,,,Vn and3. Lt u, =0;

n—0

n+1?

Hence by Leibneitz stest, it is convergent.

EXAMPLE 70
X x2 x3
Test for convergence of the series, - >+ 57—+, 0<x <1
I+x 1+x° 1+x
(JNTU 2003)
SOLUTION

n-1 n
The given seriesis of theformz ( 1) _ z n—l

n

X ,
where  u, :1 — Since 0<x <1, u, >0,Vn;
+Xx
n n+l
X X
Further, u, —u,, — —
1+x 1+x
x"—x" x"(1-x)

T (1) (L) (1)

O0<x<1 = adltermsinnumerator and denominator of the above expression are +ve.

u, >u,,,Vn.
. n n . O
Again, x" >0asx”" > since0<x<1;.. Ltu,=——=0

n—e 1+0

". By Leibneitz' stest, the given seriesis convergent.

EXAMPLE 71

n-1
Test for convergence | (-9 (INTU 2004)

P \/n(n +1)(n+2)
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SOLUTION

The given seriesis an alternating series > (~1)" ",
1

where u = ;u,>0,Vn;

" \/n(n+1)(n+2)
Again, \/(n+1)(n+2)(n+3) >\/n(n+1)(n+2)
1 1

S )+ 2)(n:3) Ja(niD(nr2)

e, u, ., <u,,vn

,Vn

Further, Lt u,= Lt 1 =0

no o \/n(n+l)(n+2)

. By Leibnitz' stest, i(—l)"il u, isconvergent
2

EXAMPLE 72

Test for the convergence of the following series,

e e A R (JNTU 1998, 2004)
6 11 16 21 26

SOLUTION

Given series, i (—1)"7l 5nn+1 =
n=1

Z(—l)"*1 u, isan alternating series

n_ n+l -1
5n+1 5n+6 (5n+1)(51+6)

Again, Ltu, = Lt & :l?&O
n—»o0 n—o 5}/1 +1 5
Thus conditions (ii) or (iii) of Leibnitz'stest are not satisfied. The given seriesis not

convergent. It is oscillatory.

u = " >0Vn ; Vn

" Byl

=u,<u

n+1?

EXAMPLE 73
Test the nature of the following series.

& () (-0 = (<)
@) ;—H — (b) an (©) z—ln_+1




Sequences and Series

61

SOLUTION
1
@ wu,=—F=—7=>0Vn ;
Jn+n+1
u = 1 3 1
T dn+n+1 n+1+n+2
_ Jn+2-n _ 2 -0
(\/;+\/n+l)(x/n+l+\/n+2) (x/n+2+\/;)(\/;+\/n+1)<\/n+1+\/n+2)
". By Leibnitz'stest the series converges.
b) u,= 21 >0,Vn; 21 > 12 =>u,>u,,vn;
n-+1 n-+1 (n+1) +1
Lt u, =0 .. By Leibnitz'stest, given series converges.
© u —i>0 Vn;
" ln+l
1
n+2>n+l=s ——<——=u, >u,,,n
lnt2>]n+d n+2 n+l i
By Leibnitz' stest, given series converges.
EXAMPLE 74
Test the convergence of the series L - 1 + 1 -+ (JNTU 2004)
5/2 53 5/4

SOLUTION

H

The series can be written as Z( " u

1
,715\/n+1 n_5\/n+1

(i) u,>0Vn

i) 5Vn+2>5/n+l= =>u,>u,,vn
" 5\/n+2 5x/n+ i
(i) Ltu,=0 ;

n—»0

By Leibnitz' stest, the given series converges.

EXAMPLE 75
Test for convergence the series, 1— % + %— % +.e (INTU 1997)
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SOLUTION

(-1

The given series can be written as 22— (omitting 1% term)
n

i>0Vn;i> =u,>u,,,vn; Ltizo
2n 2n 2n+2 n—o 27
L (-1)" |
. By Leibnitz' stest, 22— is convergent.
n
EXAMPLE 76
. 1 1 1
Test for convergence the series, 1—§+§—%+ ...... (JINTU 2004, 2007)
SOLUTION
. . (_1)n—l
General term of the seriesis ————
(2n —1)!
The seriesis an alternating series; ; >0Vn
(2n —1)!
1 > 1 =u,>u,,,VvneN ; Lt;zo
(2n—1)! (Zn—l)! "—>°°(2n—1)!

By Leibnitz' stest, given seriesis convergent.

1.4 Absolute convergence
A series ) u, issaid to be absolutely convergent if the series Y |u, | is convergent
Ex.  Consider the series

D u, T

2 3F 4
1 1 1 =1
=1t =+t —=tn= ) —
Sl =3t o= 2

By p— seriestest, Y |u,| isconvergent (p =3>1)
Hence Z“n is absolutely convergent.

Note: 1. If > u, isaseriesof +veterms, then Y u, = > |u, |.

For such a series, there is no difference between convergence and absolute
convergence. Thus a series of +ve terms is convergent as well as absolutely
convergent.
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2. An absolutely convergent series is convergent. But the converse need not be
true.

1 11
Consider nt= =1——+———+ ......
z( ) 3 4
Thisseriesis convergent (1 7. 3)
But Z‘( ", }/‘ 141 >3 + + ....... is divergent (p-series test).

Thus > u, isconvergent need not |mply that D "|u, | isconvergent (i.e,
Zun is not absolutely convergent).

1.5 Conditional Convergence

If the series > |u,| isdivergentand ) u, isconvergent, then ) u, issaidtobe
conditionally convergent.
Ex. Consider the Series

=1+— +é+%r ..... isdivergent by p — seriestest.

. Zun is conditionally convergent.

1.6 Power Series and Interval of Convergence

A series, a,+ax+ax’ +...+a,x" +.... where ‘aq,’ are al constants is a power
seriesin x.

It may converge for some values of x.

Lt Yot o gy Gen x (1% termisomitted.) =kx (say) where Lt D _ g

n—0 I/l n—»c a Nn—>0 Cl

Then, by ratio test, the series convergeswhen  [kx| <1 .

i.e., it converges Vx e (_71%) (k=0)
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Theinterval (_71 : %] isknown astheinterval of convergence of the given power

series.

Solved Examples

EXAMPLE 77

n

. . L X
Find the interval of convergence of the series 2—3
n=1 N

SOLUTION

n+l
" X

_x 'u J—
G |

u n ° 1
Lt["—”]:Lt(—j x= Lt —1 X=X
n—o0 un n—o0 n +1 n—oo 1+7

n

u

By ratio test, the given series converges when |x| <1, i.e, x € (-11)
Wh = = , Which, i tb iestest.
enx=1>u =) /2 Which, is convergent by p series

“. Y u, isconvergent when x =1
Hence, theinterval of convergence of the given seriesis (-1, 1)

EXAMPLE 78
Test for the convergence of the following series.

1_}/\/5+}/\/§_}/\/Z+ .......... (INTU 1996)

() 1+ %z— %2— %2+ %z+ %z - %2— }éz T (INTU 1998)

@

fl="g

© 1-x |_2+x4 H—%+ .......... (INTU 2004)
@ D (-1 (n+Dx", with x <% (INTU 2004)
0
SOLUTION

(@ Theseriesisof theform ) (-1)""u, where u, = }{/—
n
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Vn and

n+l

It is an dternating series where (i) u, >0V, (i) u, >u
(iif) Lt u, =0;.. By Leibnitz test, the series is convergent.

n—>0

Again the series 1+}{/§+}{/§+}</Z+ ...... is divergent, by

p — seriestest.
Hence the given seriesis conditionally convergent.

b D

. The given seriesis absolutely convergent.
" Itisconvergent.

u, :Z%Z which is convergent by p — seriestest .
p=1

(c) Thegiven seriesis

., ]_ 2n— B - B x2n—2
> (-1 =Y (), n——(Zn_Z)!
2n
U= al ; Yo = 1 -‘xz‘ , Lt =0<1
2n! ‘ u, | (2n-1)(2n) ool Yy

; ie, D u, isabsolutely
convergent Vx;

(d) =(n+Dx";|u, |=E(n+ 2))6”+1 (neglect 1% term)
2
R Ny Cha IN T / M=<l Cx<3)
n—o |1/l | naoo (7’1 +1) n—> (1+ }/
" D |u,| isconvergent Vx, i.e, given seriesis absolutely convergent and
hence convergent.
EXAMPLE 79

Show that the series 1+x+le_2+x2I§+ ..... converges absolutely Vx

SOLUTION
Lt| tya| _ | [ =0<1when x=0 [since |u |= . :x_”]
e | n " (m=prt !

. By ratiotest, M [u,| isconvergent Vx=0.
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When x =0, theseriesis(1+ 0+ 0+......) and is convergent

2. D |u,| converges = > u, is absolutely convergent Vx.

ExAMPLE 80

. 1 1 1 .
Show that the series, 1—§+§—§+ ........ is absolutely convergent.
SOLUTION

= 1
D Ju,|=>" ¥, 1 whichisageometric serieswith common ratio = <1
n s 3 3

.. Itisconvergent. Hence given seriesis absolutely convergent.

EXAMPLE 81
Test for convergence, absolute convergence and conditional convergence of the series,
i it (INTU 2003)
5 9 13
SOLUTION
The given aternating seriesis of the form Z(—l)"'lun, where, u, = yery
n f—
Hence, u,>0VneN; u, = 1 -1
4(n +1)—3 4n+1
1 1
un _un+1 = 5
4n—-3 4n+1
_ dn+1-4n+3 _ 4 S0, VneN
(4n-3)(4n+1) (4n-3)(4n+1D)
e, u,>u,,,vneN Ltu,= Lt 1 =0
n—>0 n—» 4p _3
All conditions of Leibnitz’ stest are satisfied.
Hence > (-1)""u, isconvergent.
ul=—2 s Take v =2zl 1o adfinite
4n-3 n ey, e p(a-3) 4
n

. By comparison test, )

u,| and D v, behaveadlike.
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Butby p— seriestest, D v, isdivergent (sincep=1) .

Z|un| isdivergent and ... The given seriesis conditionally convergent.

EXAMPLE 82

Test the series Y (-1)"*

1
n=1 3\/; ,

for absolute / conditional convergence.

SOLUTION
The given series s an dlternating series of theform > (=1)" u, .

Here

() unzﬁ,VneN
(i) 3(n+1)>3n=3Vn+1>3/n,vn .

<u ,VneN

n+l n?

1 1 .

e/ <—F ,l.e, U
3n+l 3Jn

And Lt u, PR

n—>0 n—o 3\/7

". By Leibnitz' stest, the given seriesis convergent.

But z(_l)n_lé\:;;I:zg\]/-Z is divergent by p— series test (since

1
==<1
P=7 )

". The given seriesis conditionally convergent.

EXAMPLE 83

Test the following series for absolute / conditional convergence.

= Sm(na) -1
(@) zl( 1) (b) Z( D=
@ S @ Syt ””

o (2n)!



68 Engineering Mathematics - |

SOLUTION
(@)

B |Si n na|
7’12
comparison and p - seriestests, we get that » |u,| isconvergent » u, is
absolutely convergent .
(b) By Leibnitz'stest, the series converges.

n

<n—12 [Since|sinna|<1:| considering v, :%2 and using

: 1 : : 2
Taking v, =— , by comparison and p - seriestests, Zf—l isseento
n n+

be divergent.
Hence given seriesis conditionally convergent.

1 u ) .
=— Lt " = 0<1; By ratio test, Z|”n| is convergent;

2n! e |un|

Hence given seriesis absolutely convergent.

n

(c) Take

u}’l

By root test, is convergent, .. given series is absolutely

(d)

u

nl = e3n+l’

convergent.
[In problems (a) to (d) above, hints only are given. Students are advised to
do the compl ete problem themselves]

EXAMPLE 84
Find the interval of convergence of the following series.

S n-1x" S n-1 +2)"
@ 2 0 2.1 % (©  log(l+x)

SOLUTION

| | n xn+l
(@) Letthegivenseriesbe u, ; Then |u, =3 |”n+1|:_(n+1)3
3
Z’ln-¢—1 n ’ 1
Lt 5= Lt | — | x| = Le|—=| |]x|=|«
n—>o |un| noo\ p4+1 n—® 1_{_}
n

- By ratiotest, Y |u,| isconvergent if |x|<1

ie, Z“n is absolutely convergent if |x|<1;
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(b)

(©)

D u, isconvergent if |x| <1
If x = 1, the given series becomes 1—%+ 1 —i

. . 1 .
which is convergent, since Z — Isconvergent.
n

Similarly, if x = —1, the series becomes 2—%2—2% which is also
n n

convergent.

Hencetheinterval of convergenceof » u, is (-1<x<1)

Proceeding asin (a),
u

n+l

n—»o0 |un | 3

_|x+2|

oo D u, isconvergentif [x+2/<3,ie,if -3<x+2<3,ie,if
—-5<x<1.

If x =5, Zu” = Z(—l)z"fl 1, and is divergent ( in both these cases

fx=1, Y u,=> (-1)" ", andisdivergent Lt u, #0)

n—0

Hence the interval of convergence of the seriesis (-6<x <1)

2 3 4
log (1+x)= x—%ﬁ-%—xz .......
= 2(-)" =, )
n=1
xn ‘xn-d
un =" un+l =
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L el _ gy !
n—>0 |un| n—>0 (1_'_1)
n

By ratio test, » |u,| is convergent when |x| <1

|x|= |x|

i.e, Z”n is absolutely convergent and hence convergent when -1 < x < 1.
Whenx=—1, Su, = (1) Z=1-Z42-Z4 ..

n

When x = 1, Zu = —(l+%+%+%+ ...... j which is divergent,

. 1. . .
since Y = isdivergent by p —seriestest ( prove) .
n
Hence Y u, isconvergentwhen —1<x<1

Interval of convergenceis( —1<x <1).

Exercise 1.5

1. Useintegral test and determine the convergence or diver gence of the following

Series:
1 ziz ...................................... [Ans: convergent]
n
- 1
———— i [Ans: convergent]
2 n(logn)
2. Test for convergence of the following series:
1 1 1
L 1l —4———4.. v, Ans: convergent
2 i ()~ [A t]
: e ————— ns: convergen
1 (2n—1)(2n) J
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3. Zj:(—l)"_ln_sz ................................... [Ans: convergent]

3. Classify the following series into absolutely convergent and conditionally

convergent series:

-1)"
1. z( 3) ....................................... [Ans: abs.cgt]
n
2, an—sn .......................................... [Ans: abs.cot]
n 2
(=Y’
5 e [Ans: abs.cgt]
n(logn)
4. Find theinterval of convergence of the following series :
2)‘lxll
L ) ——— Ans: —o0 < x <
> B [ ]
2, zzz ............................................ [Ans: —1< x<1]
¥ X X
3 Xt =t e —— [Ans: —1<x<1]
2 3 a
1 1 1 .
(@ Show that 1_§+§_F+"" is absolutely conver gent.
1 1 1

(b) Showthat 1-—+—=——=+.... isconditionally convergent.
2 3 a

Summary

The geometric series Zx”'l convergesif |x|<1, divergesif x >1, and oscilates
n=1

when x <-1
If Z“n isconvergent, Lt u, =0 [The convergent need not be necessary ]

n—>0

: > 1 . , :
p —seriestest :- Z—p isconvergent if p > 1 and divergent if p <1
n=1



72 Engineering Mathematics - |
4. Comparison test .- The series Y u, and Y v, are both convergent or both
divergentif Lt —* isfinite and non — zero.
n—>0 vn
5. D’Alembert’sRatio test :- Z”‘n converges or diverges according as
u
Lt —21<1 or >1
n—>o0 un
(Alternately, if Lt 2>1 or <1j 1f thelimit = 1, the test fails
n—>0 un+1
6. Raabe’s test : Zun converges or diverges according as
u
Lt | ns——-1;|>10or <1.
e un+l
7. Cauchy’s root test: Zun converges or diverges according as
1
Lt (un”]<1or >1 (If limit = 1, the test fails.)
8. Integral test : A series ) ¢(n) of +vetermswhere ¢(n) decreases asn increases
is convergent or divergent according as the integral I¢(x)dx isfinite or infinite.
1
9. Alternating series — Leibnitz’s test: An alternating series Z (—1)"7l u, convergent
n=1
if (i) u, >u,,,,vn and (ii) Ltu,=0
n—>0
10. Absolute/ conditiona convergence:

(@ > u, isabsolutely convergentif > |u, | isconvergent.

(b) > u, isconditionally convergent if » u, isconvergentand ) |u, |is
divergent.

(c) An absolutely convergent seriesis convergent, but converse need not be true.

i.e., aconvergent series need not be convergent.
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Miscellaneous Exercise - 1.6
1. Examine the convergence of the following series:
1 1 1
L — it e [cot.]
12 34 56
1 2° F
2. + + Forrerrs e — dat.
B+1 2°+1 F+1 [dgt.]
2 22 28
3 —d—F—F i dgt.
17273 [dot.]
1 2 3
4, 4 e —— cat.
142 1+2° 1+2° [egt]
5, X, * X (x>0) [cgt. if x<1dgt if x> 1]
o e e TP . < .
2 8
6 Zx+ I (EE0) [— [cgt. if x <1 dgt if x> 1]
8 27
7. l 1;3+1'3—'5+ ................................. [dat.]
2 24 246
32 3252 325272
8. Sttt s cot
6° 6.8 6°.8.10° Legt]
0. ﬁ+£+5—6 ................................ [dig.]
12 23 34
1)° 2)° 3)°
10. (0 .x+(|_) x2+(l_) Ctn(x>0) [cat. if x <4, dgt. if x> 4]
12 |4 |6
X xZ 3
11. 1+§+?+—2+ ..... (x>0) s [cot.if x <1, dgt. if x> 1]
2 3
12. §+(ﬂ) x2+(§j +x°+e(X>0) e [cgtifx <1, dgt.if x>1]
4 \5 6
1"
13. Z(H—j .......................... [dot.]
n
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23n
14 z32n ................................................ [cot]
15. ZA<L e cqt
Z“1+ n® Legt]
16. 1—i+i—i+—+— ............................ [Abs. cat.]
22 33 44
2. Examinefor absolute and conditional conver gence of the following series:
; 3311
L Y(-) e — [Abs. cgt.]
-1)".
2, 2(2# ...................................... [Abs. cgt.]
1 1 1 1
3. 1-— —— =t = [Cond. cgt]
2B Va4 s
n®+1
4. Z(—l)"( - ) .............................. [Cond.cgt.]
n
3. Determinetheinterval of convergence of the following series:
2 3 4
Lot e [-1<x<1]
2 3 4
+1)"
Zu ................................ kel
n.2"

Solved University Questions (J.N.T.U)

1. Test the convergence of the series:

1 2 3
+ + oo
123 234 345
Solution
Let u, bethe n” term of the series;
Then, u, = L = L

" n(n+)(n+2) (n+1)(n+2)
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Lot = then Lo g
"t ey _'Hw(n+1)(n+2)
R

T

.. By comparison test, both Zun and Zvn converge or diverge together.

Which is non-zero and finite.

But D v, isconvergent by p-seriestest (p > 1) . > u, isconvergent.

2. Show that every convergent sequence is bounded
Solution

Let (a,) beasequencewhich convergesto alimit ‘! ‘say.

Lt a,=1= givenany +venumber €, however small ,

n—>0

we can dwaysfindaninteger ‘ m* , 3,

a,—l|<e, Vn=m

Taking € =1, wehave, |a, —I|<1;

e, (I-1)<a,<(I+1), Vn=m

Let A =min {al,az, ........ amfl,(l—l)} yand p = max{al,az, ........ amfl,(l+1)}
Then obvioudy, A<a, <u, VneN;

Hence (a, ) is bounded.

3. Show that the geometric series Y ¢" =1+g+¢°+

m=0

....... converges to the sum
1 .
p when |g|<1 and divergeswhen |g|>1
(JNTU 2001)

Solution
Seetheorm 1.2.3 (replace‘x * by ‘q’) .
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4. Define the convergence of a series. Explain the absolute convergence and
conditional convergence of a series. Test the convergence of series

(JNTU 2000)

17"
Jn
Solution
For theory part , refer 1.2.1,1.2.2,1.8,1.8.1,1.9.1and 1.9.2
Problem: Let u, :(1+ij , Lt (u%) = Lt (1+ij
\/; n—0 n—»0 \/;

-t -1

n 2

n—>0 1 e
1+ =
{ Jn }

By Cauchy’sroot test, Z“n is convergent.

5. Test the convergence of the series, 1+1x +Ex2 +ﬁx3 +....
2 24 2.4.6
(INTU 2001)
Giventhat x> 0.
Solution
Omitting the first term of the series, we have,
135.(2n-1) , 135....(21+1) .,
u =————2x" ju, = X"
24.6...2n 246....(2n+2)
Lt Yot gy 2n+1 X=X
noe Y n—o\ 2p+ 2

By ratio test, Zun is convergent when x < 1, and divergent when x > 1

Theratio test failswhenx =1
u 2n+2 1 1

Whenx =1, 1= -1=
el 2n+1 2n+1

u
Lelnl M all= )2t
n—o u n—»0 2n+1 2

n+l
~. By Radbe'stest, » u, diverges.
.. The given series converges when x < 1 and divergeswhenx >1 .



Sequences and Series 77

1 (2 3V , (4Y .
6. Testtheconvergenceofthesen&e,E+ 5 X+ 1 X"+ g X F e x>0

(INTU 2002)
Solution
Neglecting the 1% term,

K}Hlj }

u, = X

n+2

v (n+1j 1"‘%
u/" = > x= X

Lt un% =x; By Cauchy’s root test, Z”n iscgt. when x < 1 and dgt. when

n—>0

x >1;when x=1, thetest fails.
1
; Ltu, =i=_¢0

P

2. D u, isdivergent.

Whenx =1, u, =

.Y u, is cgt.whenx < 1and dgt. when x>1.

7. Testtheserieswhose n” termis (3n—1)/ 2" for convergence. (JNTU 2003)
Solution

— 3(n+1)-1
2 2
un+1 — (3n+2) Lt Uiy :1<1

u, 2(3n-1) = u,
- By ratiotest, » u, isconvergent.

[’e]

1
8. Show by Cauchy’sintegral test that the series Z—P convergesif p>1

—2n(logn)
and divergesif O< p<1 (JNTU 2003)
Solution
Let ¢(x):;p; x>2;Then ¢(x) decreasesasx increasesin [2,]

x(logx)
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1-p

0 0 © du u .
X Jax = —_— = ;
£¢( )d J;x |ng |ngup 1_p log2

[Taking log x = u, 1dx:a’u x=2=u=log2 and x=0 > u =0 |
X

Case(i): p>1=1-p<0= Integrd isfinite, and
Case(ii): O< p<1= Integrd isinfinite.
Hence, by integra test, the given series converges if p > 1 and diverges when

O<p<l.
1 %
9. Test the convergence of the series Z(h T]
n
Solution
un}/" (l+i] = !
Jn

=

Lt u/ ":E<1 [2<e<3].

n—»0

By Cauchy’ s root test, Zun is convergent.

1 n ) n
10. Test the convergence of the series, ZL ,0<x <1

—2 n(n—l)
Solution
The given seriesis of the form Z(— un,where u, = (x 1) :
n_
Thisisan aternating seriesin which (i) u, >0 and u, >u, ,Vne N .

Further Lt u, = 0. Hence, by Leibnitz test, the seriesis convergent.

n—w
2 4 6
X X X

1
11. Discuss the convergence of the series, + + + TR
2J1 3J2 4J/3 5/4
(IJNTU 1995, 2002, 2003, 2008)

Solution

2
xn

th : - «
term of the series= 4, = —————(omitting 1° term)
(n + 2) Vn+1
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x*? u,, ~Nn+2Jdn+l ,
; = X

(n+3)\/n+2’ u, - (n+3)

/1+ /1+
ku =L (1+/) -

. By ratiotest, > u, convergesif x*<1,i.e, if |x| <1, and divergesif

un+1 =

x>>1,i.e,if |x| >1;

1 1
When x* =1, u, =——————taking v, =—~
(n+2)\/n+1 n%

%

Lt =1y =1

R,

. By comparison test, » u, and ) v, both converge or diverge together;

But > v, isconvergent by p-seriestest.

" D u, isconvergentif x| <1 and divergentif |x|>1 .

) 2n

X

;(nJrl)x/;

12.  Test the convergence of the series (INTU 2006, 2007)

Solution

2n 2n+2
X . X

(D " (nr2)nl

w il o W H L
u, n+2 * (1+/) 1n—>3°u ’

. By ratiotest, » u, convergeswhen |x| <1 and divergesfor |x|>1 .

u =

3; taking v, :—]3: and applying the comparision
n/2 (1+ % ) né

test, we observe that Z u, isconvergent.

When |x|=1, u, =

Hence » u, convergeswhen |x|<1 and divergeswhen |x|>1 .
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2 3 4
13. Findtheinterval of convergence of the series, X + 3 + Z S 0o
(JNTU 2006, 2007)
Solution
xn+1 xn+2
For the given series, u, = s U, =
n+1 n+2

u 1+
Lt n+l Lt n X=x
n—o0 un n—0 1+ %

By ratio test, Z”n converges when |x|<1 ie, —l<x<l1

Whenx =1, u, = 1
n+1l
Taking un=1;u—”: !
n v 1+%
and, Lt ¥ -1%0 and finite

n—»0 vn
. Both D u, and ) v, convergeor diverge together.
But > v, diverges.. > u, dsodivergeswhen x = 1,

When x = -1, the given seriesis

1—l+l—i+ which is aternating series with
2 3 4 5

u,>u, ,Vn and u, >0 asn—>ow

~. By Leibneitz’stest » u, convergeswhen x =-1

.. Interval of convergenceis[(-1,1)i.e, —-1<x<1

, 2 1.3.5....(2n+1)
14. Test the convergence of the series Z

“258..(3n+2)

(INTU 2006)

Solution
B 1.3.5....(2n+1) . B 1.3.5....(2n+3)

“T258. (3n+2) " 258..(3n+5)
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2:(%)

M:é’ﬁg; Lt Zrio 1 5h | =3<L
u 1+ n—> u n—>0
n 3+ ( 4 )
. By ratiotest, _u, isconvergent,
15. Provethat the series Z (f 1) converges absolutely. (INTU 2006)

= n(log n)2
Solution

oo [ |

|Ogn 2 X |ng log2

‘ @

=—— ,whichisfinite.
%92 " |og 2

(wherer=1logx) :_T

" D u, converges absolutely.
Note: This problem can also be done by Leibnitz test. The reader is advised to try

that method also.
2n +1)
16. Test the convergence of the series Z—lx”,x >0 (INTU 2006)
n’+
Solution
* term of the given series, u, = 2n+d
n +1
2(n+1)+1
(n+1)"+1 (n+1)" +1

It Uy I (2n+3).xM>< (n3+1)
"o U, ’7*°°{(n+1)3+1} x"(2n+1)

. 2n(1+ 3, ) 1+ %) y e
=2 {(1+ %)3+nl3}.2n (1+ %5,)

By ratio test, » u, convergesif x < 1and divergesif x > 1. If x = 1 the test fails,
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Whenx =1, u, = 2ZJF:I';Taking v, :i2 ;
n°+1 n
Lo 222240 andfinite

n—0 Vn n—x0 n3 +

. Du, and )" v, converge or diverge together .
But > v, converges.. » u, asoconverges.

Thus, Z”n convergeswhen x <1 and divergeswhen x > 1.

& (-1 (1ogn) y
17. Test the series Z—z , for absolute/conditional convergence
n

n=1

(JINTU 2006)
Solution
_(logn)

= > ;
n

(=Y (logn) .

u =——mms—, (U
2 ’
n

n n

[e¢]

jlogxdxz I te”'dt [taking logx=1, x=¢', %dleogt]
2

2
X log2

rg2=0—[1-10g2].e"'** =%(Iog 2-1),

_ —t —t
=—te +e log2

which isfinite.
~. By integral test ) "|u,| isconvergent = » u, converges absolutely.

(Notethat » u, iscgt. by Leibnitz'stest).

18. Test the convergence of the series Z;n (INTU 2006)
(loglogn)
Solution
Giventhat u, = ;n ;
(loglogn)

Liwr=1Lt|—|=0<1
n—»o0 n—w |Og|ogn

By Cauchy’sroot test, Z“n is convergent.
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19. Find theinterval of convergence of the series,
3 5 7
ppr X 13x 185+ (INTU 2007)
23 245 246 7
Solution
1.3.5.....(2n—1) X2t
246..2n " (2n+1)
_1.3.5.....(2n—1)(2n+1) x2n3

T 046, 2n(2n+2)  (21+3)

Uy (2n+1)° 2 (4+/ }/)
Lt_zu[(zn+2)(2n+3)'x} = (4+1/ /)

By ratio test, Zun convergeswhen x* <1, i.e, |x|<l:> ~l<x<1

Term of the series, u, = (neglecting 1% term)

n—>0 u n—>0
n

When x% =1 , the test fails;
Uy _q_ 4n2+10n+6_1 _ 8n+5
dn®+2n+1 dn®+2n+1

Then
u

Lt{n[“”—ﬂzu n2(8+%) —2>1
o e

. By Raabe'stest, Z“n convergeswhen x> =1,i.e, x=+1.

n+l

". Interval of convergence of Zu is[-l<x<1]

20. Test the series ; + % + % .t nzi—l for convergence or divergence.
[INTU 2006]
Solution
U, = n;/il Letv, = 2;2
Jn . n®? n’ 1
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Lt e Lt Ll =1 which is non-zero finite number

n—ow V n—o0

n 1 i
n2
By comparison test, Zu,, and v, behave alike.

But Zv, isconvergent by p-series test ( p= §>1j

Hence Zu, is convergent

V2-1 3-1 Ja-1
+ + +

21. Test the convergence of the series, — > Tt
F-1 4#-1 5-1

[INTU 2007]
Solution
u, = le_l ; Le‘[vn: %
(n+2)° -1 n
[ Highest degree of nin Dr—Nr=2-1/2 = 3/2]
o fp 1L
. nglz (\/n"rl—l) B & n \/;
no= . =
v, (I’l+2) -1 }’ZZ 1 ﬂ 32
n n

L Yr=1 = Zu, and Zv, both converge or diverge together (by comparison

n—>0 V
n

test). But v, converges by p-seriestest ( p= g>1j. Hence Xu,is

convergent.
22, Test the convergence of = n® +1—+/n® [INTU 2008]

Solution
\/n3 1 \/n_3 \/n3 1 \/F
u, can be written as, u,
\/n3 1 \/n73

1 1
= ; Letv,= —
32

i.e. U, = ;
\/E{,/1+13+1}
n
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ﬁ=; = Lt ”i:%;to.

Vn ’1+i3 +1 n—»ow Vn
n

.. By comparison test, >u,, and v, have same property

Then,

Yv, s convergent by p-series test ( p = g >1). Hence Xu, is convergent.

2 3
23. Test for the convergence of the series, 1+ % + 4 % +..x>0

5
[INTU 1998, 1985, 2002, 2002]
Solution
Neglecting the first term, we observe that the n" term of the series,

n n+l

X X
Uy = ——— } Upy = —————, SOthat,
n“+1 n“+2n+2
2
u n-+1
Lt —L = [t - [x=x
n—»0 un n—o n +2n+2

.. By ratio test, 2u, converges when x < 1 and diverges when x > 1 and the test
falswhenx =1

1 : 1 : .
sowhenx =1, u, = — 1; Taking Xv, =— and using comparison test, we can
n + n
show that Xu, is convergent. [This part of proof is left to the reader as an
exercise].

.. Zu, converges for x < 1 and divergesfor x > 1.

noo,

X (x>0) [INTU 2003]

24. Test the convergence of X :
n?+1

Solution
U, Vn+l Vn® +1
Lt ==Lt . X
I e N P M N

1 1+i2.x
= Lt J1+= . 2 —1x=x
n—o n g
n

2
1+—+—
n2
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.. By ratio test, Zu, converges when x < 1 and divergeswhen x > 1 andwhenx =1

the test fails.
n . 1 u .
Whenx=1,u,= ——; Takingv,= —, Lt —+=1 (verify)
Vn®+1 In' ey,

By comparison test, Zu, diverges. [Since Xv, diverges by p-series test as p =
1

—<1
> ]
Hence Zu, converges when x < 1 and divergeswhen x > 1.
25. Test for convergence the series al (x>0 [INTU 2007, 2008]
n
Solution
n n+l
un=x—, un+1=x ; Lt u’”l:Lt ( " szx
n n+l o=y e \n+l
.. By comparison test, Zu, converges when x < 1 and diverges when x > 1. when x

=1, thetest fails.
Whenx=1,u, = 1 and Zu, isdivergent (p seriestest —p=1)
n

.. Zu, isconvergent when x < 1 and divergent when x > 1.

B sin (aj
26. Find whether the series 22 D" (—1)nis absolutely convergent or
- N—

conditionally convergent. [INTU 2006]

Solution
When n > 2, we have,

_gn(Jlﬁ]. Loy o L

) Vn 1
(n-1) n¥?

o o ()

n
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~. By comparison test E|u,| and v, behave alike. But v, is convergent by
p-seriestest (p = 3/2 > 1).

. Z|u, | isconvergent. Hence Zu, is absolutely convergent.
. ®» cosn 7w
27. Test whether the series Zl 711 converges absolutely [JNTU 2006]
=1 n
Solution
The given seriesis § COSZI’I Z = § (-0)" u, whereu,= ——.
n=l N+l 1 n°+1

Itisobviousthat uy > up > ... u, >u, +1>....and Lt u,=0

.. By Leibnitz' stest given seriesis convergent.

=2

Z‘(—l)”. u, which is convergent (Takev = iz and apply comparison
n

n®+1
test. Thisis an exercise to the reader)
Hence given seriesis absolutely convergent.

28. Find whether the following series converges absolutely or conditionally
1 1 1 135 1357

-4 - + o [INTU 2007]
6 6 3 6810 6.8.10.12
Solution The given serieﬁisE 1—E+£— 357 .
6 3 810 8.10.12
_1]2 (35 357
== === F o
6 |3 (810 81012
We can take the series as 35 357 +....., (neglecting other terms) = Zu,,
8.10 8.10.12
where [u | = 35.7....(2n+3) sothat |u | = 35.7....(2n+3) (2n+5)

8.10.12....(2n+8)’ 8.10.12....(2n +8) (2n +10)
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u n

M}l so that ratio test fails,
u

= Lt
j "ﬁw{(2n+5)

It can be seenthat Lt {

H—>0
Lt (
n—0

.. By Ragbe's test, T |u,| is convergent. Hence the given series is absolutely

n+l

U _ n|= Lt w—ln=Lt ( S j=§>1
n—w (21’1 + 5) nso \ 2n+5 2

un+l

convergent.
(D" x+2)

Test for absolute convergence of the serieswhose n" term is > 15
+
[INTU 2007]

29.

_x+2
2"+5

Solution: Let given seriesbe Zu,. Then |u,

_ xX+2 = 5o that,

u T on+l !
2" +5

n+l

M =1<1'

uﬂ
By ratio test, = |u,| is convergent. Hence the given series is absolutely

Lt

n—>0

convergent.
30. Test whether the following is absolutely convergent or conditionally
convergent.
% (-0"* (Vn+1-a) [INTU 2008]
Solution

The given series is Zu, where u, = (- 1)™* [\/n+1—\/ﬂ. It is an aternating

series.
C[Yn+1-Va ] [Vn+iedn] 1
Jn+1-n = T L &
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Q) v,>0Vn; (2) Lt v,=0and (3) v,+1>v, V n; since adl conditions of

Leibnitz' stest are satisfied, the given seriesis convergent.

; Taking v, = i we have,

N

Further,

uVl

_ 1
“Tniiidn
Jn

Lt M= Lt —:E;so
K \/;{,f1+1+1}
n

. By comparison test, % |u,| and Zv, behave dike. But Zv, = £ % is
divergent by p-series test (p=%<1).
Lz |u| is divergent. Hence the given seriesis conditionally convergent

31. Findtheinterval of convergence of the series,

1 1 1
+ + +
1-x 2(1-x%) 301-x)®

[INTU 2007, 2008]

Solution: If the n™ term of the given seriesis u,,,
1 1

Uy = ——— Unt1 = —F—— 7
n(l-x) (n+2) (1-x)
Le |2 =y 1 — nd-x)' o, Lt 1 _ 1
n—»o0 u, n—»o0 (n +1) (1_x)” 1 n—o (1+ 1) (1_ x) 1-x
n

Now, by ratio test:
(i) x=1= thelimitisinfinite = Zu, isdivergent

(i) x = O0andx>1 = thelimitis<1 = Xu, isconvergent
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(i) x = O0andx<land>0 = thelimitis> 1 = Xu, isdivergent

(iv) Ifx=0,theseriesisl + %+%+ ...... which is divergent by p-series test
(p=1)

(v) Ifx<0,thelimitis<1 = Zu, isconvergent by ratio test .

Hence the given series converges for al values of (i) x >1 and x =0 and
(ihx<O.

. Theinterval of convergence of the given seriesis (-, 0) U (1, o).

Objective Type Questions

0

1. Theinfinite series Zi is

n=1 n2 +1
(i) convergent (i) divergent
(iii) oscillatory (iv) none of these [Ans:(i)]
2. The series 1+ nz is
1+n
(i) convergent (i) divergent
(iii) oscillatory (iv) none of these [Ans:(ii)]
1 1 1 1
3. The series — + - +.oe
W1 242 33 44
(i) oscillatory (i) absolutely convergent
(iii)  conditionally convergent (iv) none of these [Ans:(ii)]
4. The series 1—1+l—1 ...... is
2 3 4
(i) oscillatory (i) divergent

(iii) convergent (iv) none of these [Ans:(iii)]
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5. Theinterval of convergence of the series  x— X + x_; - XT: +..... IS

(i) —-owo<x<w (i) -l<x<?2

@) -1<x<1 (iv) none of these [Ans:(iii)]
6. Theseries E+?24+5_36 ......... o is

(i) convergent (i) divergent

(iii) oscillatory (iv) none of these [Ans:(ii)]
7. The series E+?25+5_37 ......... o ,is

(i) conditionally convergent (i) convergent

(iii) divergent (iv) none of these [Ans:(iii)]
8. The series %+2—3;+3ip+4—5p+ ........ o isconvergent if

(i) p<2 @iy p=2

@iii) p>2 (iv) none of these [Ans:(iii)]
9. Theseries6-10+4+6-10+4+6-10+4+6............. © is

(i) convergent (i) oscillatory

(iii) divergent (iv) none of these [Ans:(ii)]
10. Theseries ?14+Z16+6_.18+ ......... is

(i) convergent (i) divergent

(iii) oscillatory (iv) none of these [Ans: ()]
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2. Indicate whether the following statements are true or false:
1. Theseries ). 1_ iSCONVEIgENt . weovvveeeeeerererenn. [False]
1+2™
n®+5
2. Theseries isnot convergent .  .....ccceeeveeienens True
Z“2712+7 d [ ]
.1 1 1 -
3. Theseries —+—+—+........ isdivergent..........ccc..... [False]
b2 [3
x3 x5
4. Theseries x—€+€—+— ....... , convergeswhen —1<x<1 .. [True]
(_ )n—l
5. The series ZT is absolutely convergent. .........cccceevennee. [True]
n.
6. Theseries x+2x°+3x® +4x" +....00 isconvergentif x> 1........ [False]
x2 x3
7. Theseries x+?+§+ ........ oo isdivergentif x>1 ............ [True]
I I I
8. The series 1+£+%x3+%x3+%x4+ ...... +o0  isconvergent
2 3 4 5
if x>e e, [True]
1"
9. Theseries Z(1+—j isdivergent .......ccoceeveninennnne. [False]
Jn
2 3
10. The series 1+2x—|-(§j x2+(ﬂ] Xt is convergent
2 3 4 5
ifx<d. e [True]
11. Theseries 1-2x+3x” —4x®+....00(x <1) isdivergent............ [False]
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2 3 4
12. The series S >+ al 3= al 7 +......00 isconvergent ...... [True]
I+x 1+x° 1+x° 1+x
. Sinx sSin2x sin3x
13. Theseries FER— + e +.....00 converges absolutely...... [True]
eyt
14. Theseries ZT is conditionally convergent. ..........cccoceeueneee [True]
n
2
15. Theserieswhose n” termis — isconvergent. [False]
(n +2
3. Fill in the Blanks:
1. The geometric series Zar”'1 converges if . [Ans |r|<1]
n=1
2. If aseriesof +ve terms Z“n isconvergent, Lt u, = . [Ans: 0]

n—>0

3 ). {\3/;13 +1- n} is . [Ans: convergent.]

n=1

A |

4. If > isdivergent ,valueof p is . [Ans: <4]

) (n+5)

2 2n
_ -2 ,
5. Theinterval of convergence of Z”n where u, = {nz 2) x,is .
n°+

[Ans. —1< x<1]

6. Z”n is convergent series of +ve series. Then Lt (un]/n)is

n—0

[Ans: <1]
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7. Theseries8—-12+4+8—-12—-4+....... is . [Ans: Oscillatory ]
8 Ifu,>0,vn and Zun isconvergent, then Lt {n{ u, H is _
n—>0 un+1
[Ans. >1]
9. If theseries Y (-1)"a,,(a, > 0Vn) isconvergent, then for al valuesof n, —
n=1 a,.
is . [Ans: >1]
1" n
10. fu, =|{1+—| ,Ltu "= . [Ans: 1e]

n—0

n



