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 CHAPTER  1 

Matrices 

1.1 Introduction  

Matrix algebra is a powerful mathematical formulation in the context of solving linear 
algebraic equations, linear transformations and the solutions of various types of 
differential equations. It has also become a powerful tool to tackle the problems of rigid 
body motions, oscillations, transformation of different coordinate systems, development 
and mathematical formulations of Quantum mechanics and the theory of representation of 
groups. 

 Let us consider the following system of equations 

        x + 2y + 3z = 11  

  2x – y – z = – 3 

   3x + 4y + 2z = 17    

 If we arrange the coefficients of x, y and z in the order in which they occur in the 
given equations and enclose them in brackets, we get the following rectangular array of 
numbers 

  

1 2 3

2 –1 –1

3 4 2

 
 
 
 
 

 or 

1 2 3

2 –1 –1

3 4 2

 
 
 
  

 or 

1 2 3

2 –1 –1

3 4 2

 

 This type of rectangular array of numbers has been given the name matrix. The 
horizontal lines  are called rows and the vertical lines are called columns. 

1.2 Definition of Matrix 

Matrix is a rectangular array of real or complex numbers in rows and columns. A matrix 
is denoted by the capital letters A, B, C etc. If there are m rows and n columns in the 
matrix, then the matrix is called a m × n matrix. 
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Example:  
1 2 3

A
3 2 –4

 
  
 

 or 
1 2 3

3 2 –4

 
 
 

 

 Here A is a 2 × 3 matrix because A has two rows and three columns. 

Note:  
(i) Although matrix is just a rectangular array of numbers but these numbers are 

enclosed within big or small brackets to make it good looking. 
(ii) Matrix is just an array of numbers and has no numerical value as in case of a 

determinant. 
(iii) Matrices are not necessarily square as determinants must be. A matrix is simply a 

display or table of values. 

Elements of a matrix: The numbers occurring in the rectangular array (matrix) are called 
the elements of the matrix. The elements of the matrix denoted by the capital letters are 
usually denoted by the corresponding small letters with lower suffixes. Thus the element 
of the ith row and jth column of the matrix denoted by the capital letters A is usually 
denoted by the corresponding small letter aij. The matrix A is sometimes also written as 
(aij) or [aij]. 

Types of Matrices 

 1. Square matrix: A matrix having equal number of rows and columns is called a 
square matrix. If the matrix A has n rows and n columns it is said to be a square 
matrix of order n. 

  Example: 

1 2 3

2 3 4

2 0 5

 
 
 
  

 is a square matrix of order 3. 

 2. Horizontal matrix: A m × n matrix is called a horizontal matrix if m < n. 

  Example: 
1 0 2

A
3 4 5

 
  
 

. Here A is a horizontal matrix. 

 3. Vertical matrix: A m × n matrix is called a vertical matrix if m > n. 

  Example: 
1 0

B 2 3

4 5

 
   
  

. Here B is a vertical matrix. 

 4. Row matrix and Row vector: A matrix having only one row is called a row matrix 
or a row vector. 

  Example: A =  1 2 3 . Here A is a row matrix. 
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 5. Column matrix or Column vector: A matrix having only one column is called a 
column matrix or column vector. 

  Example: 

1

2
B

0

4

 
 
 
 
 
 

. Here B is a column matrix 

 6. Zero matrix or Null matrix: A matrix whose each element is a zero is called a zero 
matrix or null matrix. 

  Example: (i)  
0 0 0

A
0 0 0

 
  
 

, (ii) 

0 0 0

B 0 0 0

0 0 0

 
   
  

 

  Here A and B are zero matrices. 

  Diagonal of matrix 

  Let A be a square matrix of order n. 

  Let    

11 12 13 1n

21 22 23 2n

31 32 33 3n

n1 n2 nn

a a a a

a a a a

A a a a a

a a a

 
 
 
 
 
 
  





    
 

 

  Here the elements a11, a22, a33, ..., ann are called the diagonal elements and the line 
along which these elements lie is called the principal diagonal of the matrix. 

  Example: Let  

1 2 3

A 2 0 5

3 2 4

 
   
  

 

  Here 1, 0, 4 are the diagonal elements of the matrix A. 

 7. Diagonal matrix: A square matrix having all elements not occurring along the 
principal diagonal equal to zero is called a diagonal matrix. Thus the square matrix 
(aij) is called the diagonal matrix if aij = 0 for i j  

  Examples: (i) 
2 0 0

A 0 1 0

0 0 0

 
   
  

, 

0 0 0

B 0 0 0

0 0 0

 
   
  

 

  Here A and B are diagonal matrices 
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 8. Scalar matrix: A square matrix is said to be a scalar matrix if all elements along 
the principal diagonal are equal and all elements not occurring along the principal 
diagonal are zero. 

  Examples: (i) 
2 0 0

A 0 2 0

0 0 2

 
   
  

, 

0 0 0

B 0 0 0

0 0 0

 
   
  

 

  Here A and B are scalar matrices. 

 9. Unit matrix: A square matrix is said to be a unit matrix if all the elements along 
the principal diagonal are unity (1) and all elements not occurring along the 
principal diagonal are zero. 

  Examples: (i) 
1 0

A
0 0

 
  
 

 (ii) 

1 0 0

B 0 1 0

0 0 1

 
   
  

 

  A unit matrix of order n is denoted by In. 

  Thus in the examples given above A = I2, B = I3. 

  10. Triangular matrix 

(a) Lower triangular matrix: A square matrix (aij) is called a lower triangular 
matrix if aij = 0 when i < j. 

(b) Upper triangular matrix: A square matrix (aij) is called an upper triangular 
matrix if aij = 0 when i > j. 

  Examples: (i) 

1 0 0

A 2 2 0

0 5 3

 
   
  

, 

1 0 0

B 0 0 0

0 2 0

 
   
  

 

            (ii) 

1 –1 4

C 0 2 5

0 0 3

 
   
  

, 

1 3 5

D 0 0 0

0 0 2

 
   
  

 

  Here A and B are lower triangular matrices. 

  Here C and D are upper triangular matrices 

Submatrix of a matrix: Any matrix obtained by omitting some rows and some columns 
from the matrix A is called a submatrix of the matrix A. 

Example: Let 

1 3 4 5

A 2 0 3 –1

4 3 2 0

 
   
  

, 
1 3 4

B
4 3 2
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 Here B has been obtained by omitting 4th column and 2nd row from A. Hence B is a 
submatrix of A. 

Note: A itself is a submatrix of A. 

Equality of two matrices: Two m × n matrices A and B are said to be equal if the 
corresponding elements of the two matrices are equal. 

i.e.,  if aij = bij for i = 1, 2, …, m;   j = 1, 2, 3, …, n 

i.e.,  if a11 = b11, a12 = b12 etc. 

Example:  Let      
1 2 0

A
3 2 4

 
  
 

, 
1 2 0

B
3 2 4

 
  
 

 

 Here A and B are equal matrices and we write A = B. 

Addition of matrices: Let A and B be two m × n matrices. The m × n matrix obtained by 
adding the corresponding elements of the matrices A and B is called the sum of the 
matrices A and B and is denoted by A + B. 

 Thus if    A = (aij), B = (bij), 
i 1,2,...,m

j 1,2,...,n




 

then       A + B = (aij) + bij), 
i 1,2,...,m

j 1,2,...,n




 

Example:  Let   A = 
2 3 4

0 2 –1

 
 
 

, 
–3 4 5

B
6 2 9

 
  
 

 

 Then      A + B = 
2 – 3 3 4 4 5 –1 7 9

0 6 2 2 –1 9 6 4 8

    
        

 

Note: A + B is defined only when they are matrices if the same type i.e., when the 
number of rows in A is equal to the number of rows in B and the number of columns in A 
is equal to the number of columns in B. 

Properties of Matrix Addition 

Property I: Matrix addition is commutative i.e., if A and B be any two m × n matrices, 
then  A + B = B + A. 

Proof:  Let   A = (aij) and B = (bij); 
i 1,2,...,m

j 1,2,...,n




 

   Then  A + B = (aij + bij);      
i 1,2,...,m

j 1,2,...,n
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    = (bij + aij);   
i 1,2,...,m

j 1,2,...,n




 

    = (bij) + (aij); 
i 1,2,...,m

j 1,2,...,n




 

    =  B + A 

Property II: Matrix addition is associative i.e., if A, B and C be three m × n matrices, 
then 

     A + (B + C) = (A + B) + C 

Proof: Let A = (aij), B = (bij) and C = (cij) be three m × n matrices. 

  Now    A + (B + C) = (aij) + {(bij) + (cij)}; 
i 1,2,...,m

j 1,2,...,n




 

           = (aij) + (bij + cij) 

           = (aij + {bij + cij}) 

           = ({aij + bij} + cij) 

           = (aij + bij) + (cij) 

           = {(aij) + (bij)} + (cij) 

           = (A + B) + C 

Property III: Cancellation laws hold good for addition of matrices i.e., if A, B, C, be any 
three m × n matrices, then 

(i) A + B = A + C   B = C (left cancellation law) 

(ii) B + A = C + A   B = C (right cancellation law) 

Negative of a matrix: Let A = (aij) be m × n matrix. Then the negative of the matrix A is 
denoted by – A and is defined as (–aij). 

 In order to find – A sign of each element of A must be changed. 

Example: Let  
1 –2 0

A
3 2 –5

 
  
 

. Then 
–1 2 0

–A
–3 –2 5

 
  
 

 

Note: If A is a m × n matrix, then –A is also a m × n matrix 

Subtraction of two matrices: Let A and B be two m × n matrices. 

 Then the difference of A and B is denoted by A – B and is defined by  

     A – B = A + (–B) 

 A – B will be also a m × n matrix. In order to find A – B, the elements of B must be 
subtracted from the corresponding elements of A. 
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Examples: Let 
1 2 3

A
3 –1 0

 
  
 

, B = 
2 –1 4

5 0 6

 
 
 

 

then    A – B = 
1 – 2 2 1 3 – 4 –1 3 –1

3 – 5 –1 – 0 0 – 6 –2 –1 –6

   
   

   
 

Multiplication of a matrix by a scalar: Let A be any m × n matrix and k be any scalar 
(real or complex number), then the scalar multiple of matrix A by k is denoted by kA or 
Ak and is defined as the m × n matrix obtained by multiplying each element of A by k. 

 Thus if   A = (aij);   
i 1,2,...,m

j 1,2,...,n




 

then     kA = (kaij); 
i 1,2,...,m

j 1,2,...,n




 

Example: Let  

1 2

A 3 0

5 4

 
   
  

, then 3A = 

3 6

9 0

15 12

 
 
 
  

 

Properties of scalar multiplication 

(i) If A and B are any two m × n matrices and k is any scalar, then  

   k (A + B) = kA + kB 

(ii) If A is any m × n matrix and a and b are any two scalars, then 

   (a + b) A = aA + bA 

(iii) If A be any m × n matrix and k be any scalar, then 

   (–k)A = – (kA) = k(–A) 

Multiplication of two matrices 

Let A = [aij] be a m × n matrix and B = [bjk] be a n × p matrix such that the number of 
columns in A is equal to the number of rows in B, then the m × p matrix C = [cik] such 
that 

     
n

ik ij jk
j 1

C a b


  

             = ail b1k + ai2b2k + ai3b3k +…+ainbnk  

is said to the product of the matrices A and B in that order and is denoted by AB. 

Note:  
(i) Product AB is defined only when the number of columns in A is equal to the 

number of rows in B. 
(ii) If A is a m × n matrix and B is a n × p matrix, then AB will be a m × p matrix. 
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     A : m × n 

     B : n × p 

AB: m × p 
(iii) Element of ith row and kth column of the product matrix is  

     ai1b1k + ai2b2k + ai3b3k + … + ainbnk 

ith row of A is  ai1 ai2 ai3 …bin 

     
th

1k 2k 3k nk
th th

k  column of B is b b b ...b

Element  of i  row and k  column of AB
 

        = ai1 b1k + ai2 b2k + … + ainbnk 

Thus in order to write down the element of the ith row and kth column of AB, we 
take the elements of ith row of the first matrix A and multiply them with the 
corresponding elements of the kth column of the second matrix B and then add 
them. 

(iv) In the product AB, A is called the pre-factor and B is called the post-factor. 

(v) If the product AB is possible then it is not necessary that the product BA is also 
possible. 

(vi) If A be a m × n matrix and both AB and BA are defined then B will be a n × m 
matrix. 

Examples: 

 (i)       
11 12

21 22

31 32

a a

A 3 2 matrix a a

a a

 
    
  

, 11 12

21 22

b b
B 2 2 matrix

b b

 
   

 
 

  Then   
11 11 12 21 11 12 12 22

21 11 22 12 21 21 22 22

31 11 32 21 31 12 32 22

a b a b a b a b

AB 3 2 matrix a b a b a b a b

a b a b a b a b

  
     
   

 

 (ii)      

1 0 5 4 –1

A 3 3 matrix –1 2 4 ,  B 3 2 matrix 2 –2

3 –2 6 5 3

   
         
      

 

         

1.4 0.2 5.5 1(–1) 0(–2) 5.3

(–1)4 2.2 4.5 (–1)(–1) 2(–2) 4.3

3.4 (–2)2 6.5 3(–1) (–2)(–2) 6.3

    
     
     

 

29 14

20 9

38 19

 
   
  

 

Here BA is not defined because number of column in B is not equal to the 
number of rows in A. 
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Properties of matrix multiplication 

(i) Matrix multiplication is associative:  

  i.e.,  If A, B and C be m × m, n × p and p × q matrices, then 

      A(BC) = (AB)C 

  Proof: Let A = [aij]m × n, B = [bjk]n × p and C = [ckl]p × q 

B is a n × p matrix and C is a p × q matrix, therefore, BC will be a n × q matrix 
and since A is a m × n matrix, therefore, A (BC) will be a m × q matrix. 

Again A is a m × n matrix and B is n × p matrix, therefore, AB will be m × p 
matrix and since C is a p × q matrix, therefore (AB) C is a m × q matrix. 

Now element of ith row and kth column of AB 

    
n

ik ij jk
j 1

u a b


  

     i1 1k i2 2k in nka b a b ... a b              …..(1.1) 

Element of ith row and lth column of (AB) C 

     = 
p p n

ik k ij jk k
k 1 k 1 j 1

u c a b c
  

          
  l l         …..(1.2) 

Again element of jth row and lth column of BC 

 
p

j jk k
k 1

v b c


l l  …..(1.3) 

Element of ith row and lth column of A (BC) 

 
pn n

ij j ij jk k
j 1 j 1 k 1

a v a b c
  

 
   

 
  l l  

 
p n

ij jk k
k 1 j 1

a .b c
 

          
  l  

From eq. 1.2 and 1.4 it follows that the element of ith row and lth column of A(BC) 
= element of ith row and ith column of (AB) C for all admissible values of i and l.  

Hence A(BC) = (AB)C 

 (ii) Multiplication of matrices is distributive with respect to addition of matrices i.e., 
if A is a m × n matrix and B and C are both n × p matrices. 

  then  A (B + C) = AB + AC 
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  Proof: Let  A = [aij]m × n, B = [bjk]n × p and C = [cjk]n × p 

  Elements of ith row of A are  

   ai1, ai2, …, ain …..(1.4) 

  Elements of kth column of B are 

   b1k, b2k, …, bnk …..(1.5) 

  Elements of kth column of C are 

   c1k, c2k, …, cnk …..(1.6) 

   Elements of kth column of (B + C) are 

   b1k + c1k, b2k + c2k, …, bnk + cnk …..(1.7) 

  Elements of ith row of A are  

   ai1, ai2, …, ain …..(1.8) 

  Element of ith row and kth column of AB 

    = ai1b1k + ai2b2k + … + ainbnk  [From (1.4) and (1.5)]  …..(1.9) 

  Element of ith row and kth column of AC 

   = ai1c1k + ai2c2k + … + aincnk  [From (1.4) and (1.6)] …..(1.10) 

   Element of ith row and kth column of AB + AC 

   = (ailb1k + ailc1k) + (ai2b2k + ai2c2k) + … + (ainbnk + aincnk)  …..(1.11) 

  Element of ith row and kth column of A (B + C) 

   = ail (b1k + ailc1k) + ai2 (b2k + c2k) + … + ain (bnk + aincnk)   

    [From (1.4) to (1.7)]          …..(1.12) 

   = (ail b1k + ailc1k) + (ai2b2k + ai2c2k) + … + (ainbnk + aincnk) …..(1.13) 

  From (1.12) and (11.3), we have 

   A (B + C) = AB + AC 

Note: It can be also proved that 

 (i) if A and B are m × n matrices and C is a n × p matrix, then 

      (A + B)C =   AC +  BC 

(ii) if A be a m × n matrix and In be the unit matrix of order n, then 

      AIn = InA = A 
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Transpose of a matrix: Let A be any matrix then the matrix obtained by interchanging 

its rows and columns is called the transpose of A and is denoted by A '  or AT. If A is a           

m × n matrix then A '  will be a n × m matrix. 

Example:  
1 2 3

A
2 0 5

 
  
 

, then 

1 2

A ' 2 0

3 5

 
   
  

 

Note:  If   ijA [a ];  i 1,2,...,m, j 1,2,...,n   

  then  jiA ' [a ];  j 1,2,...,n,  i 1,2,..,m   

Properties of Transpose of Matrices 

Property I:    A B ' A ' B'    

Proof: Let   ij m nA [a ]   and ij m nB [b ]   

     ij ijA B [a b ]   , then   ji ji n mA B ' [a b ]         …..(1.14) 

     ij n mA ' [a ]   and ji n mB' [b ]   

     ij ji n mA ' B' [a b ]                 …..(1.15) 

 From (1.14) and (1.15) it follows that  A B A' B'    

Property II: If A is any matrix, then  A' ' A  

Proof: Let ij m nA [a ]  , then 

     ij n mA ' [a ]       ij m nA ' ' [a ] A   

Property III: If k is any number real or complex and A be any matrix, then 

     (kA) ' kA '  

Proof: Let ij m nA [a ]  , then ji n mA ' [a ]   

 Now    ij m nkA [ka ]    ji n m(kA) ' [ka ]          …..(1.16) 

 Also    ji n mkA ' [ka ]                …..(1.17) 

 From (1.16) and (1.17) it follows that (kA) ' kA '  
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Property IV: If A be a m × n matrix and B be a n × p matrix, then  

      AB ' B'A '  

Proof: Let   ij m n jk n pA [a ] ,  B [b ]    

 Then    ji n m, kj n pA ' [a ] B' [b ]    

 AB will be a m × p matrix, B'A '  will be a p × m matrix. 

 Element of the kth row and ith column of  AB '  

      = element of ith row and kth column of AB 

      
n

ij jk
j 1

a b


                …..(1.18) 

 Element of kth row and ith column of B'A '  

      
n n

jk ij ij jk
j 1 j 1

b a a b
 

               …..(1.19) 

 [elements of kth row of B'  = elements of kth column of B] 

 They are :   1k 2k nkb ,b ,...,b  

and elements of ith column of A '  = element of ith row of A 

 They are:   i1 i2 ina ,a ,...,a  

 From (1.18) and (1.19) it follows that  AB B'A '  

Symmetric, Skew Symmetric and Orthogonal Matrices 

(i) Symmetric matrix: A square matrix A = [aij] is said to be a symmetric matrix if 

    ij jia a  for all i and j 

Example: 

1 3 5
1 3

A 3 2 0 ,  B
3 0

5 0 –1


 

          

 

Note: A square matrix A is symmetric if and only if A ' A . 

(ii) Skew symmetric matrix: A square matrix A = [aij] is said to be a skew symmetric 
matrix if ij jia –a  for all i and j. 
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   ij jia –a  for all i and j 

   ii iia –a  [putting j = i] 

or   ii2a 0 or iia 0  

Thus in a skew symmetric matrix all elements along the principal diagonal are 
zero. 

Examples:  

0 2 1
0 2

A ,B –2 0 –3
–2 0

–1 3 0

 
           

 

Note: A square matrix A is skew symmetric if and only if A ' –A . 

(iii)  Orthogonal matrix: A matrix A is said to be orthogonal If A 'A I  where A '  is 
the transpose of A. 

Some results related to symmetric and skew symmetric matrices: 

 (i) If A is any square matrix, then A A'  is a symmetric matrix and A – A'  is a 
skew symmetric matrix. 

   Proof:    '
A A ' A ' A ' ' A ' A A A'    [ (A B) ' A ' B']           

  Hence A A'  is a symmetric matrix. 

  Again      A – A' ' A '– A ' ' A '– A – A – A'    

  Hence A – A'  is a skew symmetric matrix. 

 (ii) Every square matrix can be uniquely expressed as the sum of a symmetric matrix 
and a skew symmetric matrix. 

  Proof: Let A be any square matrix. Then as in (i)  1
A A'

2
  will be a symmetric 

matrix and  1
A – A'

2
 will be a skew symmetric matrix. 

  Let  1
B A A'

2
   and  1

C A – A'
2

  

  Then    1 1
A A A' A – A' B C

2 2
      

  where B is a symmetric matrix and C is a skew symmetric matrix. 

To prove that the representation is unique: If possible let A = D + E where D is a 
symmetric and E is a skew symmetric matrix. Then  
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    D ' D and E ' –E                   …..(1.20) 

 Now   A D E A' D' E ' D – E         [From (1.20)] 

 Thus   A = D + E       1
D A A' B

2
     

 and    A ' D – E    and   1
E A – A' C

2
   

 Hence representation of A is unique.   

Determinant of a square matrix: Let A be a square of order n then the determinant of 
the matrix A is the value of the determinant whose elements are the corresponding 
elements of the matrix A and is denoted by |A| or Det. A 

 Thus if A = [aij] be a square matrix of order n, then the number 

     

11 12 1n

21 22 2n

n1 2 nn

a a a

a a a

a an a




   
   



  

is the determinant of the matrix A. 

Example: 

1 2 3

A 0 –1 2

3 4 5

 
   
  

, then      
1 2 3

A 0 –1 2 1 –5 – 8 – 0 10 –12 3 4 3 8

3 4 5

      

Minor and cofactor of an element of a determinant 

Let A = [aij] be a square matrix, then  

(i) The minor of the element aij of |A| is the value of the determinant obtained by 
deleting its ith row and jth column and it is denoted by Mij. 

(ii) The cofactor of the element aij of |A| is denoted by the corresponding capital letter Aij 
and Aij = (–1)i+j Mij 

  Example: Let  

1 2 3

A –2 4 5

0 –3 6

 
   
  

 

 In det. A, minor of 1 = 
4 5

24 15 39
–3 6

    

 Cofactor of 1 = (–1)1+1 39 = 39    [ 1 lies in the 1st row and 1st column] 
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 Minor of 2 = 
–2 5

–12 – 0 –12
0 6

   

 Cofactor of 2 = (–1)1+2 (–12) = 12    [ 2 occurs in the 1st row and 2nd column] 

Adjoint of a square matrix 

Let A = [aij] be a square matrix. 

Let B = [Aij]  where Aij is the cofactor of the element aij in the det. A. The transpose B' of 
the matrix B is called the adjoint of the matrix A and is denoted by adj. A. 

Example: Let  

1 2 3

A 2 3 4

2 0 5

 
   
  

, then 

15 –2 –6

B –10 –1 4

–1 2 –1

 
   
  

 

       adj. 

15 –10 –1

A B' –2 –1 2

–6 4 –1

 
    
  

 

Theorem: If A is any square matrix of order n, then 

  A. (adj A) = (adj A). A = |A| In 

Proof: Let   

11 12 1n

21 22 2n

n1 n2 nn

a a a

a a a

A

a a a

 
 
 
 
 
 
  




   
   

 

  Then   adj. 

11 21 n1

21 22 n2

1n 2n nn

A A A

A A a

A

A A A

 
 
 
 
 
 
  




   
   



 

  Now   A. (adj A) = 

| A | 0 0 0

0 | A | 0 0

0 0 | A | 0

0 0 0 | A |

 
 
 
 
 
 
  





    


 [a square matrix of order n] 
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     n

1 0 0 0

0 1 0 0
A  A I

0 0 0 1

 
 
  
 
 
 




    


 

    
n

ij ij
j 1

a A A


  for i 1,2,...,n  

And   
n

ij kj
j 1

a A 0,


  i k  

 Similarly we can show that (adj A). A = |A|In 

 Thus   A(adj. A) = (adj. A) A = |A| In 

Note: (i)  |A (adj. A)| = |A|n            n| I | 1  

  (ii)  If |A|   0, then |adj. A| = |A|n–1 

Non-singular and singular matrices 

(i) A square matrix A is said to be a non-singular matrix if |A|  0 

(ii) A square matrix A is said to be a singular matrix if |A| = 0 

Inverse or reciprocal of a square matrix: Let A be a square matrix of order n. Then a 
matrix B (if such a matrix exists) is called the inverse of A if 

    AB = BA = In 

 Inverse of the square matrix A is denoted by A–1. 

Existence of the inverse: The inverse of a square matrix A exists if and only if A is a 
non-singular matrix. 

If part: Let A be non-singular square matrix of order n. Then |A|  0.  

 Let   B = 
adj.A

A
 

 Then   AB = 
  n

n

A IA adj A
I

A A
                      [ A. (adj A) = |A|In] …..(1.21) 

 Hence B i.e., 
adj A

A
is the inverse of matrix A        (by definition of inverse) 

Only if part: Let A be a square matrix of order n. Let inverse of A exist. Let B be the 
inverse of A. 
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 Then by definition of inverse 
    AB = In   |AB| = |In| = 1 

or    |A| |B| = 1  [ |AB| = |A| |B|] 

    |A|  0,  because product |A| |B| is non-zero 

 Hence A is non singular 

Note:   (i) A–1 = 
adj A

A
  (ii) AA–1 = In  [From (1.21)]  

Theorem:  

(i) If A and B be any two non-singular matrices, then AB is also a non-singular matrix 
and (AB)–1 = B–1 A–1 

  A, B are non-singular  |A|  0, |B|  0 

  |AB| = |A| |B|  0. Hence AB is non-singular 

Non  AB(B–1 A–1) 

         = A {B(B–1 A–1)} = A{(BB–1) A–1}   [by associative law] 

   = A {In A
–1}  [ BB–1 = In] 

   = AA–1   [ In A
–1 = A–1] 

   = In 

Hence B–1 A–1 is the inverse of AB 

  (AB)–1 = B–1 A–1 

(ii) If A is a non singular matrix, then 
(A–1)–1 = A 

Let A be a square matrix of order n, 

Then A–1 A = In  inverse of A–1 = A   (A–1)–1 = A 

  –1
n nI I  as –1

n nI I  

Elementary Operations or Elementary Transformations of a Matrix 

Any of the following operations is called an elementary transformation. 
 (i) The interchange of any two rows (or columns) 
 (ii) The multiplication of the elements of any row (or column) by any non-zero 

number. 
 (iii) The addition to the elements of any row (or column) the corresponding elements of 

any other row (or column) multiplied by any number. 

Note: An elementary transformation is called a row transformation or column 
transformation according as it applies to rows or columns. 
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1.3 Echelon Form of a Matrix 

A matrix A is said to be in echelon form if 

 (i) every row of A which has all its elements 0, occurs below row which has a non 
zero element. 

 (ii) the first non-zero element in each non-zero row is 1 

 (iii) the number of zeros before the first non-zero element in a row is less than the 
number of such zeros in the next row. 

Examples: (i) 

1 1 3

0 1 2

0 0 1

 
 
 
  

 (ii) 

1 3 4

0 1 2

0 0 1

 
 
 
  

 

Note: A row of a matrix is said to be a zero row if all its elements are zero. 

1.4 Rank of a Matrix 

Definition: Let A be a matrix of order m × n. If atleast one of its minors of order r is 
different from zero and all minors of order (r +1) are zero, then the number r is called the 
rank of the matrix A and is denoted by (A).  

Note:  

 (i) The rank of a zero matrix is zero and the rank of an identity matrix of order n is n. 

 (ii) The rank of a non-singular matrix of order n is n. 

 (iii) The rank of a matrix in echelon form is equal to the number of non-zero rows of 
the matrix. 

Example 1.1: Reduce the following matrix to upper triangular form (Echelon form) 

    

1 2 3

2 5 7

3 1 2

 
 
 
  

 

Solution: Upper triangular matrix. If in a square matrix, all the elements below the 
principal diagonal are zero, the matrix is called an upper triangular matrix. 

    2 1

3 1

1 2 3 1 2 3
R – 2R

2 5 7 ~ 0 1 1
R – 3R

3 1 2 0 –5 –7

   
   
   
      

 Ans.

3 2R 5 R

1 2 3

~ 0 1 1

0 0 –2
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Example 1.2: Transform 

1 3 3

2 4 10

3 8 4

 
 
 
  

 into a unit matrix 

Solution:  

1 3 3

2 4 10

3 8 4

 
 
 
  

 2 1

3 1

1 3 3
R – 2R

~ 0 –2 4
R – 3R

0 –1 –5

 
 
 
  

 

    2

1 3 3
1

~ 0 1 –2 – R
2

0 –1 –5

 
 
 
  

 1 2

3 2

1 0 9
R – 3R

~ 0 1 –2
R R

0 0 –7

 
 
  
  

 

    3

1 0 9
1

~ 0 1 –2 – R
7

0 0 1

 
 
 
  

 1 3

2 3

1 0 0
R – 9R

~ 0 1 0
R 2R

0 0 1

 
 
  
  

 Ans. 

Elementary Matrices 

A matrix obtained from a unit matrix by a single elementary transformation is called 
elementary matrix. 

    I = 

1 0 0

0 1 0

0 0 1

 
 
 
  

 

 Consider the matrix obtained by R2 + 3 R1 

    

1 0 0

3 1 0

0 0 1

 
 
 
  

 is called the elementary matrix 

Example 1.3: Use Gauss-Jordan reduction method (Elementary matrices method) to 
compute the inverse of the matrix. 

    

3 –3 4

2 –3 4

0 –1 1

 
 
 
  

     by applying elementary row transformation 
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Solution:  A = 

3 –3 4

2 –3 4

0 –1 1

 
 
 
  

 

 Elementary row transformation, which will reduce A = IA to I = PA, then matrix P 
will be in inverse of matrix A. 

 1

4 1
1 –1 0 0

3 –3 4 1 0 0 3 3
1

2 –3 4 0 1 0 A, R 2 –3 4 0 1 0 A
3

0 –1 1 0 0 1 0 –1 1 0 0 1

   
      
             
             
   

 

 R2 – 2 R1 2

4 1 4 1
1 –1 0 0 1 –1 0 0

3 3 3 3
4 2 4 2

0 –1 – 1 0 A – R 0 1 – –1 0 A
3 3 3 3

0 –1 1 0 0 1 0 –1 1 0 0 1

       
       
       
               
       
       
              

 

 
1 2

3

3 2

1 0 0 1 –1 0 1 0 0 1 –1 0
R R

4 2 4 2
0 1 – –1 0 A – 3R 0 1 – –1 0 A

3 3 3 3
R R

1 2 0 0 1 –2 3 –3
0 0 – –1 1

3 3

   
               
        
       

        
      

   

 

 2 3

1 0 0 1 –1 0
4

R R 0 1 0 –2 3 –4 A
3

0 0 1 –2 3 –3

   
       
      

 

  I = PA        P = A–1 or A–1 = 

1 –1 0

–2 3 –4

–2 3 –3

 
 
 
  

 Ans. 

Example 1.4: Compute the inverse of the following matrix by using elementary transformations. 

 

2 –6 –2 –3

5 –13 –4 –7

–1 4 1 2

0 1 0 1
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Solution:  

2 –6 –2 –3 1 0 0 0

5 –13 –4 –7 0 1 0 0
A

–1 4 1 2 0 0 1 0

0 1 0 1 0 0 0 1

   
   
   
   
   
   

 

    
1 3

2 1

3 2

–1 4 1 2 0 0 1 0
R R

2 –6 –2 –3 1 0 0 0
A   R R

5 –13 –4 –7 0 1 0 0
R R

0 1 0 1 0 0 0 1

   
   

    
   

   
   

 

    R2 + 2R1, R3 + 5R1 

    

–1 4 1 2 0 0 1 0

0 2 0 1 1 0 2 0
A

0 7 1 3 0 1 5 0

0 1 0 1 0 0 0 1

   
   
   
   
   
   

 

    –R1, 
1

2
 R2 

    
1 1
2 2

1 –4 –1 –2 0 0 –1 0

0 1 0 0 1 0
A

0 7 1 3 0 1 5 0

0 1 0 1 0 0 0 1

   
   
   
   
   
   

 

    R3 – 7 R2, R4 – R2 

    

1 –4 –1 –2 0 0 –1 0

1 1
0 1 0 0 1 0

2 2
A1 7

0 0 1 – – 1 –2 0
2 2
1 1

0 0 0 – 0 –1 1
2 2

   
   
   
   
   
   
   
   
      

 

    R3 + R4, R2 – R4, R1 + 4 R4 

    

1 –4 –1 0 –2 0 –5 4

0 1 0 0 1 0 2 –1
A0 0 1 0 –4 1 –3 1

1 1
0 0 0 – 0 –1 1

2 2

   
   
   

   
   
   
      

 

    2R4 
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1 –4 –1 0 –2 0 –5 4

0 1 0 0 1 0 2 –1
A

0 0 1 0 –4 1 –3 1

0 0 0 1 –1 0 –2 2

   
   
   
   
   
   

 

    R1 + R3 

    

1 –4 0 0 –6 1 –8 5

0 1 0 0 1 0 2 –1
A

0 0 1 0 –4 1 –3 1

0 0 0 1 –1 0 –2 2

   
   
   
   
   
   

 

    R1 + 4R2 

    

1 0 0 0 –2 1 0 1

0 1 0 0 1 0 2 –1
A

0 0 1 0 –4 1 –3 1

0 0 0 1 –1 0 –2 2

   
   
   
   
   
   

 

    Inverse matrix = 

–2 1 0 1

1 0 2 –1

–4 1 –3 1

–1 0 –2 2

 
 
 
 
 
 

                                                      Ans. 

Example 1.5: Find the inverse of the matrix A = 

2 4 3 2

3 6 5 2

2 5 2 –3

4 5 14 14

 
 
 
 
 
 

 

Solution:  

2 4 3 2 1 0 0 0

3 6 5 2 0 1 0 0
A

2 5 2 –3 0 0 1 0

4 5 14 14 0 0 0 1

   
   
   
   
   
   

 

    1
1

R
2

 

    

3 1 0 0 01 2 1 22
0 1 0 03 6 5 2 A,
0 0 1 02 5 2 –3

0 0 0 14 5 14 14
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    R2 – 3 R1, R3, – 2 R1, R4 – 4 R1                 

    

3 1 0 0 01 2 1 22
31

– 1 0 00 0 –1 A22
–1 0 1 00 1 –1 –5

–2 0 0 10 –3 8 10

   
   
   
   
   
   
   

  

 

     R2    R3  

    

3 1 0 0 01 2 1 22
–1 0 1 00 1 –1 –5

A,31
– 1 0 00 0 –1

22
–2 0 0 10 –3 8 10

   
   
   
   
   
   
   

  

   

    R1 – 2 R2, R4 + 3 R2, R3   2R3 

    

7 5
1 0 11 0 –2 0

2 2
0 1 –1 –5 –1 0 1 0 A
0 0 1 –2 –3 2 0 0

0 0 5 –5 –5 0 3 1

   
   
   

   
   
   
      

 

    R1 –
7

2
 R3, R2 + R3, R4 –5 R3  

    

1 0 0 18 13 –7 –2 0

0 1 0 –7 –4 2 1 0
A,

0 0 1 –2 –3 2 0 0

0 0 0 5 10 –10 3 1

   
   
   
   
   
   

  

    4
1

R
5

 

    

13 –7 –2 0
1 0 0 18

–4 2 1 0
0 1 0 –7

A–3 2 0 0
0 0 1 –2

3 1
0 0 0 1 2 –2

5 5
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    R1 – 18R4, R2 + 7R4, R3 + 2R4 

   

64 18
–23 29 – –

5 5
1 0 0 0 26 7

10 –12
0 1 0 0 5 5 A,
0 0 1 0 6 2

1 –2
5 50 0 0 1
3 1

2 –2
5 5

 
 
                    
 
 

 

   
–1

64 18
–23 29 – –

5 5
26 7

10 –12
5 5A

6 2
1 –2

5 5
3 1

2 –2
5 5

 
 
 
 
 

  
 
 
 
 
 

 Ans. 

 

Exercise 1.1 

Find the inverse of the following matrices: 

 1. 

1 3 3

1 4 3

1 3 4

 
 
 
  

   Ans. 

7 –3 –3

–1 1 0

–1 0 1

 
 
 
  

 

 2. 

1 –1 –1

4 1 0

8 1 1

 
 
 
  

   Ans. 

1 2 –1

–4 –7 4

–4 –9 5

 
 
 
  

 

 3. 

1 2 5

2 3 1

–1 1 1

 
 
 
  

   Ans. 

2 3 –13
1

–3 6 9
21

5 –3 –1

 
 
 
  

 

 4. 

7 6 2

–1 2 4

3 6 8

 
 
 
  

   Ans. 

–4 –18 10
1

10 25 –15
20

–6 –12 10
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 5. 

2 3 1

1 2 3

3 1 2

 
 
 
  

   Ans. 

1 –5 7
1

7 1 –5
18

–5 7 1

 
 
 
  

   

 6. 

2 1 –1 2

1 3 2 –3

–1 2 1 –1

2 –3 –1 4

 
 
 
 
 
 

  Ans. 

2 5 –7 1

5 –1 5 –21

–7 5 11 1018

1 –2 10 5

 
 
 
 
 
 

 

Example 1.6: Determine the rank of a matrix 

    

1 4 5

2 6 8

3 7 22

 
 
 
  

 

Solution :  2 1

3 1

1 4 5 1 4 5
R – 2R

2 6 8 ~ 0 –2 –2
R 3R

3 7 22 0 –5 7

   
   
    
      

 

    2
3 2

1 4 5 1 4 5
1

~ 0 1 1 – R ~ 0 1 1
R 5R2

0 –5 7 0 0 12

   
   
    
      

 

   Rank = Number of non-zero rows = 3 Ans. 

Example 1.7: Find the rank of the matrix 

    

1 2 3 2

2 5 1 2

3 8 5 2

5 12 1 6

  
  
 
   

 

Solution:  
2 1

3 1

4 1

1 2 3 2 1 2 3 2
R 2R

2 5 1 2 0 1 7 2
~ R 3R

3 8 5 2 0 2 14 4
R 5R

5 12 1 6 0 2 14 4
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        3 2

4 2

1 2 3 2

R 2R0 1 7 2
~

R – 2R0 0 0 0

0 0 0 0

  
    
 
 
 

 

 Here the 4th order and 3rd order minors are zero. But a minor of second order 

    
3 2

6 14 8 0
7 2


    


 

 Rank = Number of non-zero rows = 2   Ans. 

Example 1.8: Find the rank of the matrix 

    

3 4 1 2

1 7 3 1

5 2 5 4

9 3 7 7

  
 
 
 
  

 

Solution:  1 2

1 7 3 1

3 4 1 2
R R

5 2 5 4

9 3 7 7

 
    
 
  

 

    R2 – 3 R1, R3 –5 R1, R4 – 9 R1, R3 – 
37

25
 R2, R4 – 

66

25
 R2  R4 – 

4

3
 R3  

    24 12 24 12
5 25 5 25
32 16
5 25

1 7 3 11 7 3 1 1 7 3 1

0 25 10 10 25 10 1 0 25 10 1
~

0 00 37 10 1 0 0

0 00 66 20 2 0 0 0 0

    
               
      
            

 

    Rank = 3       Ans. 

Example 1.9: Find the rank of 

    

2 3 1 1

1 1 2 4

3 1 3 2

6 3 0 7
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Solution:  

1 2 2 1 3 1 4 1R R R – 2R ,R – 3R ,R – 6R

1 –1 –2 –4 1 1 2 4

~2 3 –1 –1 0 5 3 7
~

3 1 3 –2 0 4 9 10

6 3 0 –7 0 9 12 17



     
      
   
   
   

 

    

3 2 4 2
4 3

4 9
R – R ,R – R

R – R5 5
1 1 2 4 1 1 2 4

0 5 3 7 0 5 3 7
–

33 22 33 22~ 0 0 0 0
5 5 5 5
33 22 0 0 0 0

0 0
5 5

        
   
   
   
   
   

    
  

 

Rank = Number of non-zero rows = 3  Ans. 

Exercise 1.2 

Find the rank of the following matrices: 

 1. 

1 2 3

2 4 7

3 6 10

 
 
 
  

 Ans. 2 2. 

3 1 2

6 2 4

3 1 2

 
  
  

 Ans. 2 

 3. 

1 2 1

1 0 2

2 1 –3

 
  
  

 Ans. 3 4. 

1 2 1 0

2 4 3 0

1 0 2 8

 
  
  

 Ans. 3 

 5. 

0 1 2 2

4 0 2 6

2 1 3 1

 
 
 
  

 Ans. 2 6. 

2 4 3 2

3 2 1 4

6 1 7 2

 
    
  

 Ans. 3 

 7. 

3 4 1 1

2 4 3 6

1 2 6 4

1 1 2 3

 
 
 
  
   

 Ans. 4 8. 

9 3 1 0

3 0 1 6

1 1 1 1

0 6 1 9

 
  
 
  

 Ans. 4 
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or  (1 – ) [(1 – ) (–1 – ) – 3] –2 (–1 –  –1) –2 (3 – 1 + ) = 0 

or  (1 – ) (–1 + 2 – 3) –2 (– – 2) –2 (2 + ) = 0 

or  (1 – ) (2 – 4) + 2 + 4 – 4 – 2 = 0 

or  (– + 1) (2 – 4) =0 or 3 –2 – 4 + 4 = 0 

 By Cayley – Hamilton Theorem 

  A3 – A2 – 4A + 4I = 0 

or  A2 – A – 4I + 4A–1 = 0  

or  A2 – A – 4I + 4A–1 = 0 (Multiplying by A–1) 

or  4A–1 = [–A2 + A + 4I]    …..(1.68) 

  A2 = 

1 2 2 1 2 2 1 2 2

1 1 1 1 1 1 3 6 2

1 3 1 1 3 1 3 2 2

       
           
           

 

From (1.68), we have  

  4A–1 = 

1 2 2 1 2 2 4 0 0

3 6 2 1 1 1 0 4 0

3 2 2 1 3 1 0 0 4

      
             
          

  

       = 

1 1 4 2 2 0 2 2 0

3 1 0 6 1 4 2 1 0

3 1 0 2 3 0 2 1 4

        
         
          

 

  1

4 4 4
1

A 2 1 3
4

2 1 1



 
    
  

     Ans. 

Example 1.56: Find the characteristic equation of the symmetric matrix 

  

2 1 1

A 1 2 1

1 1 2

 
    
  

 

and verify that it is satisfied by A and hence obtain A–1. 

 Express A6 – 6A5 + 9 A4 – 2 A3 – 12 A2 + 23 A – 9 I in linear polynomial in A. 

Solution: Characteristic equation is |A – I| = 0 
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2 – 1 1

1 2 – 1 0

1 1 2 –

  
     
   

 

    (2 – ) [(2 – )2 –1] + 1 [–2 +  + 1] + 1 [1 – 2 + ] = 0 

or    (2 – )3 – (2 – ) +  – 1 +  – 1 = 0 

or    (2 – )3 – 2 +  +  – 1 +  – 1 = 0 or (2 – )3 + 3 – 4 = 0 

or    8 – 3 – 12 + 62 + 3 – 4 = 0 

or    –3 + 62 – 9  + 4 = 0 or 3 – 62 + 9 – 4 = 0 

 By Cayley – Hamilton Theorem A3 – 6A2 + 9A – 4I = 0 …..(1.69) 

Verification: 2

2 1 1 2 1 1

A 1 2 1 1 2 1

1 1 2 1 1 2

    
          
       

 

             = 

4 1 1 2 2 1 2 1 2 6 5 5

2 2 1 1 4 1 1 2 2 5 6 5

2 1 2 1 2 2 1 1 4 5 5 6

          
                
             

 

    3

6 5 5 2 1 1

A 5 6 5 1 2 1

5 5 6 1 1 2

   
        
     

 

          = 

12 5 5 6 10 5 6 5 10 22 21 21

10 6 5 5 12 5 5 6 10 21 22 21

10 5 6 5 10 6 5 5 12 21 21 22

          
                
             

 

    A3 – 6A2 + 9A – 4I 

    

22 21 21 6 5 5 2 1 1 1 0 0

21 22 21 6 5 6 5 9 1 2 1 4 0 1 0

21 21 22 5 5 6 1 1 2 0 0 1

         
                       
                

 

    

22 36 18 4 21 30 9 0 21 30 9 0

21 30 9 0 22 36 18 4 21 30 9 0

21 30 9 0 21 30 9 0 22 36 18 4

          
             
           

 = 

0 0 0

0 0 0 0

0 0 0

 
   
 
 

 

 So it is verified that the characteristic equation (1.69) is satisfied by A. 
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Inverse of Matrix A, 

  A3 – 6A2 + 9A – 4I = 0 

 On multiplying by A–1, we get 

  A2 – 6A + 9I – 4A–1 = 0 or 4A–1 = A2 – 6A + 9I 

or  4A–1 = 

6 5 5 2 1 1 1 0 0

5 6 5 6 1 2 1 9 0 1 0

5 5 6 1 1 2 0 0 1

      
               
           

 

   = 

6 12 9 5 6 0 5 6 0

5 6 0 6 12 9 5 6 0

5 6 0 5 6 0 6 12 9

       
         
        

, 1

3 1 1
1

A 1 3 1
4

1 1 3



 
   
  

                Ans. 

  A6 – 6A5 + 9A4 – 2 A3 – 12 A2 + 23 A – 9I 

   = A3(A3 – 6A2 + 9A – 4I)  + 2 (A3 – 6A2 + 9A – 4I) + 5A – I 

   = 5 A – I                                                                                     Ans. 

Example 1.57: Find the characteristic equation of the matrix A 

   A = 

4 3 1

2 1 2

1 2 1

 
  
  

 

 Hence find A–1 

Solution: Characteristic equation is 

   

4 – 3 1

2 1 2 0

1 2 1

 
     
   

 

   (4 – ) [1+ 2 – 2 + 4] –3 (2 – 2 + 2) + 1 (4 – 1 + ) = 0 

or   (4 – ) (2 – 2 + 5) – 3(–2 + 4) + (3 + ) = 0 

   42 – 8 + 20 – 3 + 22 – 5 + 6 – 12 + 3 +  = 0 

or   –3 + 62 – 6 + 11 = 0 or 3 – 62 + 6 – 11 = 0 

 By Cayley Hamilton Theorem 

   A3 – 6A2 + 6A – 11 I = 0 
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 By multiplying by A–1 we get 

   A2 – 6A + 6I – 11 A–1 = 0 or 11A–1 = A2 – 6A + 6I 

   1

4 3 1 4 3 1 4 3 1 1 0 0

11A 2 1 2 2 1 2 6 2 1 2 6 0 1 0

1 2 1 1 2 1 1 2 1 0 0 1


       
                   
              

 

        

23 17 1 24 18 6 6 0 0

8 3 2 12 6 12 0 6 0

9 7 2 6 12 6 0 0 6

        
               
             

 

        –1

5 1 7 5 1 7
1

4 3 10 A 4 3 10
11

3 5 2 3 5 2

      
          
         

   Ans. 

Example 1.58: Find the characteristic equation of the matrix [CSVTU 2007] 

   A = 

2 1 1

0 1 0

1 1 2

 
 
 
  

 

 Verify Cayley-Hamilton theorem and hence evaluate the matrix equation. 

    A8 – 5A7 + 7 A6 – 3 A5 + A4 = 5A3 – 8 A2 + 2A – I 

Solution: Characteristic equation of the matrix A is 

   

2 1 1

0 1 0

1 1 2

  
   
   

 = 0 or (2 – )[(1 – ) (2 – )] – 1(0) + 1 (0 – 1 + ) = 0 

or   3 – 5 2 + 7 – 3 = 0 

 According to Cayley-Hamilton Theorem 

   A3 – 5 A2 + 7A – 3I = 0   …..(1.70) 

 We have to verify the eq. (1.70). 

   A2 = 

2 1 1 2 1 1 5 4 4

0 1 0 0 1 0 0 1 0

1 1 2 1 1 2 4 4 5
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    3

2 1 1 5 4 4 14 13 13

A 0 1 0 0 1 0 0 1 0

1 1 2 4 4 5 13 13 14

     
           
          

 

    A3 – 5A2 + 7A – 3I = 

14 13 13 5 4 4 2 1 1 1 0 0

0 1 0 0 1 0 7 0 1 0 3 0 1 0

13 13 14 4 4 5 1 1 2 0 0 1

       
               
              

 

    = 

14 25 14 3 13 20 7 0 13 20 7 0 0 0 0

0 0 0 0 1 5 7 3 0 0 0 0 0 0 0 0

13 20 7 0 13 20 7 0 14 25 14 3 0 0 0

           
                
              

 

 Hence, Cayley Hamilton Theorem is verified. 

 Now   A8 – 5 A7 + 7 A6 – 3 A5 + A4 – 5 A3 + 8 A2 – 2A + I 

     = A5 (A3 – 5 A2 + 7A – 3I) + A (A3 – 5A2 + 7A –3I) + A2 + A + I 

     = A5 XO + AXO + A2 + A + I = +A2 + A + I 

     

5 4 4 2 1 1 1 0 0

0 1 0 0 1 0 0 1 0

4 4 5 1 1 2 0 0 1

     
            
          

 

     

8 5 5

0 3 0

5 5 8

 
   
  

 

Exercise 1.7 

 1. Find the characteristic polynomial of the matrix 

  A = 

3 1 1

1 5 1

1 1 3

 
   
  

 

  Verify Cayley Hamilton Theorem for this matrix. Hence find A–1. 

Ans. A–1 = 

7 2 3
1

1 4 1
20

2 2 8

  
 
 
  

 

 2. Use Cayley Hamilton Theorem to find the inverse of the matrix 

   
cos sin

sin cos

  
    

 Ans. 
cos sin

sin cos
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 3. Using the Cayley-Hamilton Theorem, find A–1, given that 

   A = 

2 1 3

1 0 2

4 2 1

 
 
 
  

 Ans. 

4 5 2
1

7 10 1
5

2 0 1

  
    
  

 

 4. Using Cayley Hamilton Theorem, find the inverse of the matrix 

   

5 1 5

0 2 0

5 3 15

 
 
 
   

 Ans. 

3 0 1
1

0 5 0
10

1 1 1

 
 
 
   

 

 5. Find the characteristic equation of the matrix 

   A = 

1 3 7

4 2 3

1 2 1

 
 
 
  

 

  and show that the equation is also satisfied by A. Ans. 3 – 42 – 20  – 35 = 0 

 6. Find the eign values of the matrix 

   

2 3 1

3 1 3

5 2 4

 
 
 
   

 Ans. Eigenvalues are 0, +1, –2. 

 7. Using Cayley-Hamilton relation obtain the inverse of the matrix 

   

1 1 3

1 3 3

2 4 4

 
  
    

 Ans. 

24 8 12
1

10 2 6
8

2 2 2

 
    
    

 

 8. Show that the matrix 

1 2 2

A 1 2 3

0 1 2

 
   
  

 

  satisfies its characteristic equation. Hence find A–1. Ans. 

7 2 10
1

2 2 1
9

1 1 4
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 9. Use Cayley Hamilton Theorem to find the inverse of 

   

1 2 4

A 1 0 3

3 1 2

 
   
  

 Ans. A–1 = 

3 8 6
1

7 14 7
7

1 5 2

 
   
  

  

 10. Verify Cayley-Hamilton Theorem for the matrix 

   

1 1 2

A 3 1 1

2 3 1

 
   
  

 Hence evaluate A–1 Ans. 

2 5 1
1

1 3 5
11

7 1 2

  
   
   

 

 11. If A = 
1 4

2 3

 
 
 

, then express A5 – 4 A4 – 7A3 + 11A2 – A – 10I in terms of A. 

    Ans. A + 5I 

 12. If 1, 2 and 3 are the eigen values of the matrix 

  

2 9 5

5 10 7

9 21 14

  
   
   

 then  1 +  2 + 3 is equal to 

  (i) –16 (ii)  2 (iii) – 6 (iv) –14 Ans. (ii) 

 13. The matrix A = 
1 0

2 4

 
 
 

 is given. The eigen values of 4 A–1 + 3A + 2l are 

  (A) 6, 15;   (B)  9, 12   (C)  9, 15;  (D)  7, 15 Ans. (C) 

 14. The matrix A is defined as 

  A = 

1 2 3

0 2 6

0 0 3

 
  
  

  

  Find the eigen values of 3 A3 + 5 A2 + 6A + 1 Ans. 15, –15, –53 

 15. If a matrix 

1 0 0

A 0 1 0

1 0 1

 
   
 
 

, find the matrix A32, using Cayley Hamilton Theorem. 


	01_p1_1-29
	01_30-104
	20150528131817949-01.pdf
	20150528131852775-02.pdf
	20150528131935973-03.pdf
	20150528132024746-04.pdf
	20150528132118569-05.pdf
	20150528132304662-06.pdf

	01_p4_105-111


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




