CHAPTER 1

BASIC MATHEMATICAL TECHNIQUES

11 Introduction

To understand automata theory, one must have a strong foundation about discrete
mathematics. Discrete mathematics is a branch of mathematics dealing with sets,
functions, relations, graphs and trees. It plays a vital role in the concepts of theoretical
computer science.

In this chapter we discuss from set theory by covering basic notations, types of sets,
various operations on sets. Also we will show how languages, grammar are generated
from strings. Functions, relations and graphs are needed to prove the theorems,
mathematical induction is more important as it is applied to many topics of theoretical
computer science. Discrete mathematics is the study of mathematical structures and
objects which are not continuous. It excludes continuous mathematics like calculus and
analysis. Discrete mathematics is a branch of mathematics dealing with countable sets.
The set of objects studies in discrete mathematics can be finite, hence it is also termed as
finite mathematics. Concepts and notations of discrete mathematics are useful in studying
computer algorithms, cryptography, automated theorem proving and software development.

Theoretical computer science is one of the areas that closely relates to discrete
mathematics. It highly depends on graph theory, logic automatic theory and formal
language which are related to computability set theory, information theory, game theory
etc., that are also useful in computational mathematics.

1.2 Sets

(a) Set: A set is a collection of elements without any order. A set is described as a list
of all its elements. If an element x belongs to a set X then it is written as x € X.

There are three ways to represent a set.

1. Roster or tabulation method: In this method the elements of the set are
listed within brackets separated by commas. This is also called as list
notation. This is only suitable for the sets having finite elements.
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Ex:1.1 X;=1{1, 2, 3...} set of integers
X, =11, 3, 5...} set of odd numbers
X;=1{1,2,3,5,7...} set of prime numbers
2. Set builder method: In this method the property that characterizes the
elements is defined
Ex:1.2 X = {x|x is an odd integer} set of odd numbers
X, = {x € Ex is a vowel from English alphabet E} set of vowels
The notation “x|” is read as “the set of all x such that”. This notation is also
known as predicate notation. General form of this notation is {x|P(x) where
P is some predicate}.
3. Recursive method: 1t defines set of rules to generate its members
Ex:1.3 The set E of even numbers greater than 2 is defined by a set of rules
(a) 4€E (b) ifx e E,x+2 €€ E (c) nothing else belongs to E
(b) Cardinality: The number of distinct elements in a set is called the cardinality
If set A = {1, 2, 3} its cardinality is 3.
1.2.1 Types of Sets
(a) Sub set: If every element in a set A is also an element of set B,
then A is called a subset of B. then it is written as Ac B
(b) Empty set: A set without elements is called empty. It is denoted B@
by A = {}.
(c) Singleton set: A set containing only one element is called ACB
Singleton set. X, = {0}, X, = {x} are single tons.
(d) Super set: if A is subset of B. Then B is superset of A. Which is
written as B A B
(e) Universal set: A set U is called universal set if U is the super set @
of all the sets which are under our consideration.
(f) Finite set: If a set contains exactly n distinct elements i.e., if BoA
cardinality of a set is defined then it is a finite set.
(g) Power set: the power set of a set S is denoted by 2°. If S = {x,, x,}, then its
power set has 2° = { @, {x1}, {x2}, {x1, X2}}
(h) Proper subsets: If two sets A and B are such that Ac Band A#B then Ais a
proper subset. We write as AcC B
(i) Equal sets: if two sets A and B have same elements, then they are equal A = B.
(j) Disjoint sets: If there are no common elements in two sets A and B, then they

are disjoint. AN B={J}
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(k) Equivalent sets: If two sets have same cardinality then they are said to be

1.2.2
(@

(b)

(©)

(a)

equivalent A = {a, b, ¢} =N = {1, 2, 3} then A and N are equivalent sets.

Operations on Sets

Union: It is the set of elements which belong to two sets A or B. It is denoted by
AUB

Ex:14 If A={1,3,5} B=1{2,4,6} y—w—X
AUB={1,2,3,4,5,6} e
AUB={x|x € Aorx € B} \\ ‘\X/ ,’/
Ex:1.5 AUA=A ~ LB
Augd=A
Intersection: It is the set of elements which belong to both A and B. It is denoted
by AnB
Ex:1.6 If A={1,3,5} B={1,2,4}
AnB={} y
Ex:1.7 if A = {x|x e even numbers} %
B = {x|x € odd number} —
AnNnB={} ANB
AN A=A
ANgd=0

Complement: It is the set of elements which belong to U but do not belong to set
A.Ttis denoted by A'. A'={x|x e Uandx ¢ A}
Ex:1.8 If U= {x|x € integers}

A = {x|x € even numbers}

A' = {x]x €odd numbers}

A'=U-A

Set difference: It is the set of all elements in A and not in B. It is denoted by
A-B.

A-B={x|x € Aandx ¢ B}
Ex:1.9 If A=1{a,c,d, g h,i}

B={a,b,c,ef g, i}

A—-B={d, h}
B-A=1{b,e,f}
Ex:1.10 A-O=A0-A=0

A-A=0O
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(e) Symmetric difference: The symmetric difference of two sets A and B is given by
A AB=(A-B)u (B-A)

1.3

Ex:1.111f

A=1{1,3,57,10} B={1,2,4,6,8,9, 10}

A-B={3,7'B-A=1{2,4,6,8,9}

Set Identities

There are some general laws about sets which follow from the definitions of set theoretic
generations, subsets etc. these equations below hold for any sets A, B and universal set U.

(@

(b)

(©)

(@

(e)

®

(2

(h)

(i)

Identity law

A=A AnU=A

Idempotent law

AUVUA=A AnA=A

Domination Law

AulU=U, Angd =9

Complementation law
(A=A

Commutative law

A UB=BUA, AnNnB=BNnA

Distributive law
AN(BUC)

AU(BNC)
De Morgon’s law
(AUB)'=A'NB'
(AnB)'=A'UB'
Absorption laws
(AUB)NA=A
(ANB)UA=A

Difference laws
A-B=A nB'
B-A=B nA'

(AnB)U(ANC

(AUB)

N(AUC

~—
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(j) Symmetric difference laws
AAB=(A-B)U(B-A)
BAA=(B-A)U(A-B)

(k) Associative laws
(AUB)UC=AU(BUC),(AnB)nC=AN(BNC)

14 Relations between Sets

(a) Partitions of a set: If A is a non empty set, then that family of set {A;, A,... A,}
is a partition of the set A if

(i) A=§A

(i) Ain Aj=g ifi #]j
Ex:1.12 If A={a,b,c,d,e,f g h}
A;={a,b,c,f}, A, =1{d, e, g h}
Then {A,, A,} is a partition of A

(b) Ordered pairs: The ordered pairs are the sets resulting from a set whose
elements are ordered in particular fashion.

Ex:1.13 If A={a, b}
<a, b> and <b, a> are ordered pairs <a, b> # <b, a>
(c) Duality principle: If A is any identity involving set, if B is a set obtained by
replacing » by uand @ by [, and B is also true then B is called dual of A.
Duality of AU(BmA)zAis Am(BUA)zA
(d) Cartesian product: The set of all ordered pairs of elements (x, y) if x € A and
ye B is called cartesian product of sets A and B. It is denoted by A x B.
AxB={xy)|x e A,yeB}
Ex:1.14 A={1,2} B={3,4,5}
AxB=/{(1,3),(1,4),(,5),(2,3),2,4), (2,5}
BxA={3,1),3,2),4,1),4,2),5,1)(5,2)}

1.5 Closure Property of Sets

A set is closed with respect to that operation if the operation can always be completed
with elements in the set. “Closure” is a property of a set on a given operation
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with elements in the set. “Closure” is a property of a set on a given operation

Ex:1.15If A=1{2,4,6,8,....} it is closed with respect to addition because the sum of any
two of them is another even number belong to A.

1.6 De Morgan’s Laws
Let A and B be two sets, then

(AUB):KmE

(m):KuE

1.7 Relations

A relation from A to B is the subset of A x B. If R a relation from A to B, then R is a set
of ordered pair in which first element belongs to A and second one to B. it is represented
byaRD.

Ex:1.16 If N; and N, two sets of relations we can define R as a relation between N; and
N, as N; is cube of N.

R={(1,1), (2, 8), (3,27)..}
={(a,b)|ae N;,b € Nyand b =2’}

A relation may be represented by using matrices or graphs.
Ex: Consider two sets X = {1, 2, 3} and Y = {a, b}, then the relation RXY is given by

a b
11 0
R=211 0
310 1

Ex: Let Az{a, b, c} is a set and a relation Rz{(a, a), (b, a), (b, c)} then the

relation graph is

1.7.1 Types of Relations

(a) Binary relation: If A and B are two sets and R = A x B then we call R as binary
relation from A to B. A relation R < A x A is called a relation on A.
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(b)

(©)

(d)

(e)

Reflexive relation: A relation on A is said to be reflexive if for each a € A, a is
related to a.

Ex:1.17 If A ={a,b} R={(a, a) (b, b)}
Symmetric relation: A relation R on a set A is said to be symmetric if whenever
a R b implies b R a, where (a,b) € A
Ex: If A={1,2,3}
R=1{(1,3),3, 1), (1, 2),(2, 1);

Transitive relation: A relation R on a set A is said to be transit if there are
relations a R b and b R c, then we can say there is a relation a R ¢ or

If (a,b)(b,c) e R
Then (a,c) e R
Equivalence relation: A binary relation R on a set A will be known as
equivalence relation if and only if
(a) R is reflexive relation
(b) R is symmetric relation

(¢) R is transitive relation

1.7.2 Domain and Range of a Relation

If there is a relation a R b, <a,b>eR, then dom R = {a | <a,b> R for some b} is

called as domain and range R = {b | <a,b >eR, for some a} is called range of relation.

1.8
(@

Operation on Relations
Complement: Complement of a relation R < A xB is defined as R'=(AxB)-R
Ex:1.18 If R={<a,d>, <ae><b,c>}andU= {a, b} x {c,d}

R'={ <a,c> <b,d> <be>}
We have U={a, b} x{c,d, e}

={<a,c>, <a,d><ae> <b,c><b,d><b,e>}

R'= { <a,c>, <b,d><b,e>} R complement
and (R ={<d,a>, <e,a>,<c,b>} R inverse

RH'=R

Ex:1.19 Let x = {0, 1, 2, 3....} set of natural numbers if R be “is less than” then
what is R ?
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(b)

1.8.1
(@)

(b)

(©)

1.9

Since R is less than, R is greater than, i.e., in <a,b > ais greater than b.
R'={ <a,b>|<b,a>eR } wherea>b

Inverse: The inverse of arelation R = AxB isdefinedas R = {<b, a>|<a, b>eR}

The relation from B to A which consists of those ordered pairs belong to R™".

Ex:1.20 Let R={(a, 1), (b, 2), (c, 3)}

Then R'={(1,a), (2,b),(3,c)}

Closures of Relations

Reflexive closure: If R is relation on Set A, then R U A, is reflexive closure of R

where
Ay={(@,a)a e A}
To obtain the reflexive closure of a relation R we just add the diagonal relation

elements to R (i.e., {(a,a)|a € A}

Symmetric closure: If R is relation on set A, then R UR ™" is the symmetric
closure of R where R is the inverse of R.

Ex:1.21 If R = {(a, a), (b, b), (a, b)}
Then S= R UR™ is symmetric closure
Hence S= {(a, a), (ba b)5 (aa b), (ba a)}

Transitive closure: If R is a relation on set A, then R* is Transitive Closure, if

(a,b) eR*, (b,c) € R*

Then (a, c) € R*. If there is a path between a one in relation R, we can say that
R* U R"

n=l

Function

A function relates exactly one output for each of its admissible inputs. A function is a
process of correspondence between input and output.

A function f from set A to set B is a relation from A to B that satisfies following

conditions

1.

For each element in the domain of f (Set A) is paired with one element in range of
f(set B)i.e., from <a,b>ef and <a,c>ef follows that b=c.
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2.

1.91
(@)

(b)

Dom f=A

If f is a relation between a and b given by ordered pair (a, b), then f(a) = b, b is

called the image of a under f. The image of the domain under f is called the range
of f.

Ex: Let A= {a,b} and B = {l, 2, 3}, then the following relations from A to B are
functions from A to B

P={<a,l><b,1>}

Q={<a,2><b,3>}
The notation F: A —» B is used for “F is a function from A to B”. A function maps

each argument (domain of a function) into their corresponding value (range of a
function)

Types of Functions

Onto function: A function f from a set A to a set B is said to be onto, if and only
if for every element in B, there is an element in A such that f(A) = B. Every
element in B is mapped to at least one element of A.

set A set B
Fig. 1.1 Onto mapping

Into function: A function f is said to be into function if there is at least one
element of set B which is not mapped by any element of set A.

Fig. 1.2 Into mapping
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(c) One to one function: A function f is said to be one to one if all the elements of
set. A map to all distinct elements of set B is without mapping.

set A set B

Fig. 1.3 One to one mapping

(d) One to One into function: A function f is said to be one to one function if it is
both one to one and into function.

a > X
b >y
c zZ
d > u

v

set A set B

Fig. 1.4 One to one into mapping

(e) Many to one function: A function f is said to be many to one function if at least
one element of co-domain B is mapped by two or more elements of domain A.

set A set B

Fig. 1.5 Many to one mapping
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(f) Many to one into function: A function f is said to be many to one into function if
it is both many to one and into function. One or more elements of A map to some
elements of B and some elements of B are not mapped by any elements of set A.

set A set B

Fig. 1.6 Many to one into mapping

(g) Many to one onto function: A function f is said to be many to one onto function
if it is both many to one and onto function. One element of set N is mapped by

atleast one element of set A and two or more elements of A map to some elements
of B.

set A set B
Fig. 1.7 Many to one onto mapping

(h) Constant function: A function f'is said to be a constant function of every element
of A maps to a single element of set B.

set A set B

Fig. 1.8 Constant mapping
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(i) Inverse function: A function f: A — B with another function g: B — A is said to
be inverse function if each element b € B to a unique element ae A such that
f(a) — B is called the inverse of f: A — B

Solved Problems
1. If A= {0, 1} find the power set of A.

Ans: P=2%={ J {0}, {1}, {0, 1}
2. LetA={a,e l,0,u},B={ab,c..m} C={n,0,p,....;} andD={d, I,s,c,1,e,t}
find (a) AUB (b) BNC (c)A—B(d)B'(e) (A—B) A (D—-A) () P (AmB)
Ans: (a) A uB={aDb,c....m, o0,u}
(b) BN C={J}
(c) A—-B={o,u}
(d) B'={n,o0,p,..z} =c
(e) (A-B)A(D-A)={o,u}A{d,c,s,1,t} = {o,u}
() P(A N B)={D {a}, {e}, {i}, {a, c}, {a, i}, {e, i} {a, ¢, i}}
3. Prove that
(a) AnB=A (b) A UB=B (© B'cA'

Ans: (a) Itisalways true that ANBSA
Letae A,thenae Bsince A ¢ B
Soae A UBthus AnB=Asince AcANnB

(b) Leta € A YB, ifa € B, the inclusion is proved, otherwisea € A=A MB,
proving a € B, thus AUBC B

(c) LetaeB' thenag B=A Y B,soag Aic.,acA' hence BcA'
4. Show that
(AnB) [BNC(CNnD)u((CnD")Y]=BNn(A UC)
Ans: LHS=(ANB) U[B N C(C n D) U(C n DY)]
=(AnB) UBN(C n(Du D")]
=(AnB)u B NC) (sinceDu D'=U,C "U=C)
=BnNn(A u()
=RHS
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S.

Ans:

6.

Ans:

7.
Ans:

Ans:

Ans:

IfAUB=A uCand AnB=A NC, prove that B=C

B=(A uUB) "B
=(AuC) NB
=(A N B)u(C nB)
=(AnNC)uB NCO)
=(AuB)nC
=(AulC)nC
=C

B=C

Using De Morgan’s laws prove

(ANB)n (AUB)N (AU C)=(A UB)U(ANn BuUC)
According to De Morgan’s laws

AUB=(ANB)=U-(A nB)

LHS= (KmB)m(AuE)m(AuC)

= (AmB) U(AUB)U(AUC)
= (AuE)u((KmB)u(Km(_j))
= (Auﬁ)u(gm(Bué))
IfA={a,b}*and B={b,c}*then AnBis?
A ={a,b}*={a,b,ab, ba, aa, bb...}
B={b,c}*={b,c, bc, cb, bb, cc...}
ANB =p*

What is the reflexive closure of the relation {(l, 2),(2, 3),(3, 4),(5, 4)} on the set
{1,2,3,4,5}
{(1L1).(12).(2, 2).(2 3).(3, 3).(3, 4).(5. 5).(5. 4)}

If X= {a, b} then number of relations from X to X are ?

4, they are {(a, a), (a, b), (b, a), (b, b)}
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10. If R=(a, b), (b, ¢), (c, a) find R"
Ans: R’=ROR ={(a, c) (b, a)(c, b)}
R*=R%*0 R:{(a, a) (b, b)(c, c)}

R*=R’0 R:{(a, b) (b, ¢)(c, a)}

Summary
Set: It is a collection of elements without any structure or order.
Cardinality: Number of distinct elements in a set is called cardinality of the set.

Empty set: Set with no elements.

el .

Relation: A relation R from A to B, is a set of ordered pair where each first element
comes from A and each second element comes from B.

5. Equivalence relation: A binary relation R on a set A is an equivalence relation if
and only if R is reflexive, symmetric and transitive.

6. Singleton set: A set containing only one element.

Power set: The power set of a set S is denoted by 2°
IfS= {Xl, X2} then 2S = {@, {Xl}, {Xz}, {Xl, Xz}}

o

Function: A function is a process of correspondence between input and output.
9. Cartesian product: The set of all ordered pairs of elements (x, y) if x€ A and
y € b is called Cartesian product.

Review Questions

1. What is a set? List out the operations performed on sets?
Ans: Refer Section 1.2.2 Page No. 3

2. Explain set identities with examples?
Ans: Refer Section 1.3 Page No. 4

3. Whatis a relation? What are different types of relations?
Ans: Refer Section 1.7 Page No. 6

4. What is a function? What are different types of functions?
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Ans:

5.

Ans:

Refer Section 1.9 Page No. 8
Give out closures of relations with examples?
Refer Section 1.8.1 Page No. 8

Objective Type Questions
A m(B UA') is equal to

(a A' (b) B' 0 A (d) none
If A={a,b}*and B=Db* then A—Bis

(a) (a, ab, ba)* (b) b*

(¢) a* (d) (a, ab, ba) (a, ab, ba)*

The function f:R" — R defined over f(n) =n+xis
(a) onto (b) into (c) onetoone (d) none

If set X has m elements and set Y has n elements then how many relations are there
from X to Y?

(a) nm (b) 2me (c) 2™ (d) none

Power set of & is

@ (@2} o {2 (c) {2,292} (d) none

AT -At =

(a) e (b) A (¢ O (d) none

If R is a non empty relation on collection of sets defined by ARB, if and only if
ANB=J. Which is true

(a) Risreflexive and transitive

(b) R is symmetric and not transitive

(c) Risan equivalence relation

(d) Ris not reflexive and not symmetric
IfR=(a, b) (b, ¢) (c, a) then which is true

(a) R*=R’ (b) R=R*

(c) R’=R® (d) all the above
IfR =(a, b) (b, ¢) (c, a) then R is

(a RUR?UR’ (b) RNR*NR’

(c) R*UR*URS (d) none
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10.

If f and g are two functions on set x = {2, 3, 4} given by f= {(2,3) (3, 4) (4, 2)}
and g = {(2, 3) (3, 2) (4, 4)}, find fog

@ (2,264 4.3 (b) (2,2)3,3) 44
© 23064942 (d) none





